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Using Algebra in Teaching Geometry* 


By Howarp F. Freur 


Teachers College, Columbia University, New York, N.Y. 


INTRODUCTION 


Ir HAS been frequently stated that we 
should use algebra to a greater extent in 
teaching geometry. The purposes for doing 
this have not always been made explicit. 
It may be a desire to prevent the loss of 
algebraic manipulations through lack of 
use (forgetting) and so having to reteach 
much of the elementary algebra in ad- 
vanced courses. It may be a desire to have 
fused courses, that is to have algebra 
and geometry taught as one structure. 
If so, we must recognize that a new set of 
postulates must be established, for surely 
those of Euclidean geometry are distinct 
and based on different elements than those 
of abstract algebra. This may prove too 
difficult to master for any except the very 
brightest high school pupils. It may also 
be a desire to have algebra and geometry 
grow as separate structures, based on sepa- 
rate fundamental postulates, definitions, 
and theorems, but to show a sort of iso- 
morphism between the structures (a corre- 
spondence of elements and operation). We 
shall take this as the soundest point of 
view. 

Let us first of all dispose of many so- 
ealled algebraic proofs that are not alge- 
braic, but merely use symbols common to 
arithmetic and algebra. Frequently these 

* Presented at the Thirtieth Annual Meeting 


of the NCTM, April 18, 1952, at Des Moines, 
Towa. 


proofs use results from algebra without 
appropriate reason. Consider the Pythag- 
orean theorem, which is proved in many 
texts as follows: 


1. c/b=b/x or cr=b*; c/a=a/y or cy 
=a’, With reasons of proportionality of 
sides of similar triangles and theorems on 
properties of proportions. 

2. a+bh?=cr+cy (Addition postulate). 
Then cxr+zy becomes c(x+y) with no ap- 
parent reason given. What reason would 
you give, and is your reason a common geo- 
metric theorem or postulate? Of course it is 
easy to prove the sum of the rectangles 
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xre+cy is the same as the rectangle c(x+ y), 
and if r+y=c, the rectangle c(r+y) is 
the square on c, c’. The proof is then a 
geometric proof and could have been 
equally well established by using the usual 
notation AB, AC, BC, and AD and DB. 
By an algebraic proof however is meant, 
the designating of the size and position of 
geometrical configurations by numbers 
(or variables) operating on the numbers, 
and variables according to algebraic prin- 
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ciples, and finally reinterpreting the result- 
ing numbers in terms of their geometrical 
counterpart. 


YRAPHICAL REPRESENTATION 


Perhaps the best and simplest approach 
to relating algebra and geometry in this 
manner is through the use of the function 
concept. To do this we make use of rectan- 
gular coordinates. Without actual meas- 
urement we can draw a graph of the vari- 
ation of parts of a triangle as two parts are 
held constant. This was suggested and 
carried out by Beinhorn, a German text- 
book writer, in 1916. It was later repro- 
duced in 1930 in the Fifth Yearbook of the 
National Council of Teachers of Mathe- 
matics by the late John Swenson'. We 
shall illustrate one case where a side and an 
adjoining angle are constant. The reader 
can try all the other various other possi- 
bilities. 

In A ABC, let side AB and angle A be 
constant, and let angle B increase con- 
tinuously. We take regular values of angle 


t John Swenson, ‘‘Graphic Methods of Teach- 
ing Congruency in Geometry,” The Teaching of 
Geometry. (Fifth Yearbook, National Council of 
Teachers of Mathematics, [New York: Bureau 
of Publications, Teachers College, Columbia 
University, 1930]). 96-101. 


B, every 15 or 20° for convenience in 
graphing. We then graph side AC, as a 
function of BC,. In the initial study we 
need not take particular values but we 
note all the properties. 

1. BC, has no values less than the 

from Bto AC. 

2. AC, has two values for values of BU 
greater than 1, but lessthan AB. 

3. For values of BC, equal to AB there 

is a zero and a positive value to AC. 

4. For values of BC, > AB, there is only 

one positive value to AC (and one 
negative also). 

Thus the graphical study of the triangle 
gives us the entire story of the so-called 
ambiguous case in geometry of ssa. It also 
suggests a relationship to negative values 
for sides of a triangle. It also suggests a 
curve and its equation as the study of rela- 
tions in the triangle. While all this study 
can come at a later date, for the reader it 
is easy to see that if Z A =45°, AB=1, and 
we designate BC by xr, AC by y, we obtain 
as the equation of the curve 2? — (7° — 
=1, or more generally 


—(y?—2ay cos A) =a’, 


We can now determine the possibility of 
one, two, or no real triangles by substitut- 
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ing numbers in the equation (for x, a, A) 
and interpreting the resulting solution for 
y. This is studying geometry through the use 
of algebra. 

Variations of the above figure are: to 
graph 

a. AC, asa function of 

b. BC, asa function of 

c. AC, or BC, as a function of angle C,, 
In every case the graph can be studied to 
give the corresponding relations that hold 
in the triangle. The following examples are 
cited as further examples of the use of 
graphs in studying geometric relations. 

|. The variation in parts of a triangle 
when two sides are held constant. 

2. The variation in parts of a triangle 
when an angle and opposite side are 
held constant. 

. The variation in the base of a tri- 
angle as the altitude increases. 

. The variation in the length of a chord 
of a circle as a function of its distance 
from the center. 

. The variation in the are of a circle 
as an inscribed angle (or any other 
type of angle) varies in size. 

The variation in the area (perimeter) 
of figures of fixed perimeter (area). 

In all cases it is an interesting and worth 
while project to determine, if possible, the 
algebraic formula for the function repre- 
sented by the graph; to study the alge- 
braic function, and thus discover other 
geometric relations. E.g., plot the are of a 
central angle as a function of base angles 
at the chord of the are. 


It is easy to establish the relation 
y=180—2r. A study of this equation 
shows that if y=0, Zr=90°. Hence a 
tangent is perpendicular to its radius. 


ANALYTIC GEOMETRY 


To define plane analytic geometry in 
rigorous fashion is quite a chore. We can, 
however, look upon it as a correspondence 
of points of a plane to ordered pairs of 
numbers; sets of points in a plane to rela- 
tionships between the numbers of the 
ordered pairs. In a rectangular coordinate 
system we attach a certain meaning to the 
x and the y, in the ordered pair (z, y) that 
enables us to locate one and only one point 
in exactly one way. A set of points that 
have common properties are given names, 
and the set of points is usually determined 
by citing algebraic (or other) relationships 
between the x and y coordinates. We can 
thus define or establish by proof the con- 
cepts of line (or with the use of a para- 
meter) line segment; any point on a line 
segment (internal or external); projection 
of a line segment ; length of a line segment ; 
slope of a line segment; perpendicular 
lines, ete. We can then use these proper- 
ties to prove or discover other geometric 
relationships. We can also use this process 
to determine the possibility or impossi- 
bility of a Euclidean construction. An 
illustration or two from each of these as- 
pects will suffice. 

To prove the medians of a triangle meet 
at a point two-thirds distance of the me- 
dian from the vertex. 
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In the triangle ABC, select A as the 
origin and AB as the axis of the independ- 
ent variable. Draw the axis AY LAX. 
The points A, B and C have fixed coordi- 
nates which are represented by (0, 0), (7, 
0) and (s, t) respectively. The mid-point 
C’ of AB has coordinates (}r, 0). Similarly 
the midpoints A’ and B’ have the coor- 
dinates [3(r+s), 3t] and (4s, 32) respec- 
tively. The points that divide AA’, BB’ 
and CC’ into the ratio 2:1 are the coordi- 
nates (r+s/3, t/3). Hence this is inter- 
preted as the point of coincidence of all 
three medians. 


D(b-a,c) C (b,c) 


B (a,0) 
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Another example. In parallelogram 
ABCD, AD is divided at E into the ratio 
1:n—1 (that is AD is n-AE). BE cuts 
diagonal AC at F. What is the relation of 
AF to the whole diagonal? It is easy to 
show the coordinates of E are (b—a/n, 
c/n), the equations of EB and AC are ob- 
tained and the coordinates of intersection 
are (b/n+1, c/n+1). This is translated 
into the geometric relation: AF is con- 
tained into AC exactly n+1 times. Of 


[December 


course the same relationship can be ob- 
tained by ordinary geometry, but algebra 
supplies a unique method applicable to all 
problems, although not aways the simplest 
solution. 

In recent years, there has been much 
discussion in THE MATHEMATICS TEACHER 
on Nedians.? This whole discussion prob- 
ably began as a result of a statement in 


A, 
N N, 
x 
4 C, B 
Fig. 6 
H. Steinhaus’ Mathematical Snapshots 


where he says it is well known that if lines 
are drawn from each vertex, trisecting the 
opposite side, the interior triangle is 4 of 
the original triangle. If you have not done 
so, try a strictly Euclidean proof. Then 
use coordinate geometry finding the co- 
ordinates of A’, B’, C’, the equations of 
AA’, BB’, and CC’, and then the coordi- 
nates of N,, No, and N3. Each nedian is at 
once seen to be divided into the ratio 
3:3:1 and then the proof is easily noticed. 
We could also use the determinant for- 
mula for the area of a triangle to deter- 
mine the same relation. 


CONSTRUCTIBILITY 


The Euclidean trisection of an angle, 
and other Euclidean constructions (by 
straight edge and ruler alone) are proved 
impossible or possible by the use of an- 
alytic geometry. These proofs are well 
known. It suffices to say here that any 
Euclidean construction must lead to a 
finite number of rational operations and 
extractions of real square roots. To illus- 
trate, first consider the construction of a 


2 For the references see “Mathematical Mix 
cellanea” page 603 of this issue. 
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square inscribed in a given triangle. In the 
figure, since the triangle is given we know 
points A (a, 0), B (b, c); that is we know 
the lengths OA, OD, DB. Let EF (y) be the 
side of the required square. From the 
figure (or past knowledge) we have y/a 
=c—y/c. Hence y=ac/a+c. Since this 
involves rational operations only on 
known elements, y is constructible, and 
hence the problem is possible in a Eucli- 
dean sense. 
Now consider the problem to construct 

a triangle, given the distances of the ortho- 
center from the three vertices. To make 

the problem simple we select the origin at 

the orthocenter with one altitude on the z- 
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axis, We know the three values AH =r 
=-—2, BH =s=3, CH =t=4. In the figure 
kt HD=2. Then BD=/s:—2z?, DC 
Slope of BE=+/s?—2z?/x and 
the slope of AC =negative reciprocal of 
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that of BE = —x//s?—z*. Slope of AC also 
equals —1/2—22/x—r. Hence 
or 
+s°t?=0. Substituting for r, s, t the given 
values we find 42°+29z?— 144=0 which is 
irreducible because this equation has no 
rational root and hence z is not construct- 
ible. The Euclidean solution is therefore 
impossible. Incidentally, one set of ap- 
proximate answers is 2=1.9754 making 
m = 1.3169 and n =.9877. This simple algc- 
braic analysis thus prevents wasting hours 
and hours of time seeking an impossible 
Euclidean construction. On the other hand 
given an altitude from one vertex (AD=k) 
and the distance of the other two vertices 
from the orthocenter (s and ¢) results in a 
reducible quartic equation in x and hence 
x can be found, and the construction 
made. 


STRAIGHTFORWARD ALGEBRA 


The use of algebraic processes is quite 
common to high school teachers of geom- 
etry. Consider, for example, the develop~ 
ment of Hero’s formula for the area of a 
triangle. In this derivation, each necessary 
line segment is designated by a number 


9 


which represents its length. (Note that by 
establishing coordinates, it is an easy 
matter to establish these lengths.) The 
numbers are then subjected to the usual 
operations (theorems) of algebra. Thus 
by the definition of length, b?=h?+2°; 
a=h?+(c—2)?; by algebra (c—z)? 
=ete. —2cr+2’; by 
substitution, a2=b?+c?—2cz, and by the 
theorems of algebra x =b?+c?—a?/2c. It is 
an excellent exercise to pause here awhile 
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and explain the geometrical interpretation 
of this expression for x. Substituting in 
h?=b?—2z? we apply rule after rule (theo- 
rem after theorem) obtaining 
Ah?c? = 4c*b? — (b? +c? — a’)? 
= (2be+ b? +c? — a’) (2be — b? —c? 
= 
=and so on as the teacher of plane 
geometry knows. 
The important fact here is that algebraic 
theorems are applied and the final result 
interpreted in terms of the original geo- 
metric elements they represent. 
We use a similar process in finding the 
volume of a frustum of a pyramid. Let the 


altitude be on the OX axis with vertex at 
O meeting base B’ at a distance x and base 
B at a distance r+h. Then 


For the frustum V = 4B(2+h) —3B’z. Sub- 
stituting for x and performing the neces- 
sary algebraic operations we find V = $h(B 
+ .4/BB’+B’). This is now interpreted geo- 
metrically as the volume of three pyra- 
mids, all having the same altitude, but 
with bases equal to the lower base, the 
upper base, and the mean proportional 
between these bases. 

One final example of straightforward 
algebra should give a cue to a host of pos- 
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sibilities. In right triangle ABC, let side 
CA=b be increased by an amount Ab. 
Then CD=b+ Ab. Also BD is longer 
than c say c+ Ac. Now in ABCD, @ 
+(b+ Ab)?=(c+ Ac)? or (e+ Ac)? 
+ Ab?+2b Ab. This last statement inter- 
preted geometrically for ABAD gives the 
usual theorem on the square of a side op- 
posite an obtuse angle. Similarly, using 
ABCE, (c — Ac)? = a?+ (b— Ab)? or(e— Ac)” 
=¢?+ Ab*—2b Ab and the geometric inter- 
pretation is evident. 

Thus straightforward algebra can aid 
us in deriving theorems in geometry. 

It seems necessary to add a note of cau- 
tion in teaching both algebra and geom- 
etry indiscriminantly in the same course. 
Unless done with the utmost care and the 
clearest formulation of purpose, it can 
lead to confusion, misunderstanding, and 
complete lack of organization. Let us be 
clear about the following: (1) Geometry 
can be developed synthetically, on the 
foundation of a set of axioms (such as 
Hilbert’s) without any recourse whatso- 
ever to algebra. This is the usual treat- 
ment in high school geometry and it has a 
simple and an important service to render 
in developing the concept of what mathe- 
matics is. (2) Algebra (of the real numbers 
or of complex numbers) can be developed 
deductively, on the foundation of a set oi 
axioms (such as Peano’s or Russell's or 
Huntington’s) and while more abstract in 
nature since it is harder to find a physical 
model to explain all its theorems, it t00 
renders an important service. Each oi 
these two areas, synthetic geometry and 
algebra of the real number, are distinct 
mathematical discipline and should be 
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Using Geometry in Teaching Algebra* 


By B. E. MESERVE 
University of Illinois, Urbana, Illinois 


ALGEBRAIC CONCEPTS may be used in 
defining elements of geometry, and geo- 
metric concepts may be used in defining 
elements of algebra. These alternatives, 
along with discussions of the use of algebra 
in teaching geometryt and the use of 
geometry in teaching algebra, should not 
be considered as creating a problem similar 
to the proverbial problem of the chicken 
and the egg. Rather they indicate how the 
interdependence of algebra and geometry 
may be used to improve the presentation 
and understanding of both subjects in 
terms of fundamental concepts of mathe- 
matics. 

Euclidean geometry may be developed 
from points, lines and relations among 
them. An algebra of real numbers may be 
developed from the positive integers and 
relations among them. In each of these 
developments there must be undefined 
elements such as points, lines, and positive 
integers; there must be postulates or as- 
sumed relations among these elements; 
and there must be definitions of new ele- 
ments in terms of those assumed. In each 
development one must postulate that the 
elements are ordered [a precedes }], the 
elements are dense [between any two ele- 
ments there is a third element]; and the ele- 
ments are continuous. Continuity may be 
postulated in both geometry and algebra 
in terms of limits of sequences of elements. 
In geometry continuity may also be postu- 
lated by assuming that every line segment 
joining the center of a circle to a point 
outside the circle contains a point of the 
tirele, This is equivalent to assuming that 
every curve joining points on opposite 

* Presented at the Thirtieth Annual Meeting 
of the NCTM, April 18, 1952, at Des Moines, 
lowa, 

t See also “Using Algebra in Teaching Geom- 
etry,” by Howard F. Fehr, pp. 561-66 of this 


issue, 


sides of a line intersects the line. In algebra 
continuity may also be postulated by as- 
suming that every infinite decimal repre- 
sents a number. 

These concepts of undefined elements, 
postulates, definitions, order relations, 
existence of an element between any two 
elements, continuity—lie at the founda- 
tions of mathematics. Along with other 
basic concepts they may be used very ef- 
fectively to improve the high school stu- 
dent’s understanding of mathematics. 
They provide the basis for presenting 
fundamental operations and concepts of 
both algebra and geometry simultane- 
ously along with their applications each 
upon the other and in the practical uses of 
mathematics in our culture. 

With this introduction let us now con- 
sider the use of geometry in teaching al- 
gebra. We shall be primarily concerned 
with an algebra of points upon a line. 

All algebraic processes are based upon 
sets of elements usually called numbers. 
Positive integers and positive rational 
numbers are easily understood without 
using geometric concepts. Negative inte- 
gers, negative rational numbers, and irra- 
tional numbers are easily visualized in 
terms of geometric concepts. We shall use 
geometric constructions for addition, 
subtraction, multiplication, division and 
the extraction of square roots to empha- 
size the underlying properties of rational 
and irrational numbers. This geometric 
point of view can be very helpful in pre- 
senting these concepts in secondary school. 


0 1 
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We first select an origin and a unit 
point on the line (Fig. 1). By convention 
the unit point is taken to the right of the 
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origin. This is not necessary, but it does, 
however, emphasize the role of the origin 
and the unit point in designating the posi- 
tive sense or direction along the line as well 
as the unit of magnitude. 

We now associate positive integers with 
points on the line obtained by marking 
off units to the right of the origin (Fig. 2). 


Fig. 2 


Throughout this paper we shall consider 
the points and the symbols (numbers) 
associated with them interchangeably. 
Technically the two sets of elements are 
isomorphic, i.e., the one-to-one corre- 
spondence between the set of points and 
the set of numbers is preserved under addi- 
tion and multiplication. 
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Given any two numbers a, b we define 
a<b if ais to the left of b (Fig. 3), a = bif 
a and b coincide, a>b if ais to the right of 
b. 

We associate a+b with a point b units 
to the right of a and consider ab as the 
sum of b elements a. The number ab may 
also be determined using similar triangles. 
We shall use similar right triangles (Fig. 4). 

Addition and subtraction are inverse 
operations in the sense that (a+b —b=a 
for any positive integers a, b. Since a 
+bis b units to the right of a; (a+b) —bisb 
units to the left of a+b. Accordingly we 
define 0—b as —b and associate negative 
integers with units marked off to the left 
of the origin. 

Addition and subtraction of positive and 
negative integers may be easily visualized 
in terms of marking off units in appropri- 

ate directions on the line. All algebraic 
properties of addition and subtraction of 
signed integers may be interpreted on the 


number line. 
Multiplication of signed integers may be 
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interpreted either as repeated addition or 
in terms of similar triangles. When similar 
triangles are used, the order relations in 
geometry imply the usual order relations 
for the numbers. For example, if a and } 
are any two positive integers, we may 
take two axes intersecting at right angles, 
take the point of intersection as 0 on both 
axes, determine a on one axis, determine | 
and b on the other, draw the line joining 1 
and a, and determine ab by drawing a 
parallel line through 6 as in Figure 5. We 


(-a)b = a 
a(-b) = \-ab -a qa (-a){-b) 
Fia. 5 


next determine —b and a(—b) as in Figure 
5 and show by congruent triangles that un- 
der the postulates of our geometry a(—D) 
= —ab. Similarly using —a we may show 
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that (—a)b<0, (—a)b=—ab=a(—b), 
(—a)(—b)>0 and (—a)(—b)=ab. Thus 
the usual conventions regarding signs 
of products may be established geometri- 
cally. The properties of multiplication 
by zero and unity may be similarly 
established. These geometric interpreta- 
tions cannot, however, be considered as 
algebraic proofs. They merely indicate 
that the above conventions and properties 
are consequences of our assumed postu- 
lates for geometry. 

Division may be defined as the inverse 
of multiplication in the sense that (ab) 
+b=a when b#0. Under the assumption 
that b4+0O we may construct a/b for any 
integer a as follows: determine 0 and 1 on 
the number line axis, draw a second axis 
intersecting the number line at 0, on the 
second axis take 0 coinciding with the 0 
on the first axis and determine 1, a and b; 
draw the line from } to 1 as in Figure 6, 


d/o 


Fig. 6 


draw a parallel line through 1 to obtain 
1/b and in general through a to obtain 
a/b. When b>0, 1/b>0. If 0<a<b then 
0<a/b<1. If O<b<e then 1<c/b. If 
d<0 and 0<b then d/b<0. If we were 
to construct 1/0, we would first join 0 to 1 
(this line coincides with the number line) 
and then draw a line through the unit 
point on the second axis parallel to the line 
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just drawn (Fig. 7). Since the line through 
the unit point is parallel to the number 
line, these lines do not intersect and 1/0 
is undefined. Similarly a/O0 and d/O are 
undefined whenever a>0O or d<0. The 
symbol 0/0 is said to be indeterminate 
since the line through 0 parallel to the first 
line coincides with the number line and 
therefore does not determine a unique 
point of intersection. The distinction be- 
tween undefined and indeterminate sym- 
bols may thus be visualized geometrically 
as the distinction between no point of in- 
tersection and no uniquely determined 
point among many points of intersection. 

We may now construct all rational 
numbers, i.e., all quotients a/b of integers 
where b#0. This development of the ra- 
tional number system is necessarily equiv- 
alent to that studied in algebra. It may 
be used to strengthen the students’ alge- 
braic concepts. All properties of rational 
numbers may be illustrated geometrically 
at the secondary level. They may be 
formally proved at the college level. 

We start with an origin and a unit point 
on a line. We obtained positive integers by 
adding units. We obtained negative integers 
by subtracting units, and we obtained ra- 
tional numbers by multiplying and divid- 
ing integers. 

The rational numbers are dense, i.e., 
between any two distinct rational num- 
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bers there is a third rational number. The 
line appears to be covered with rational 
points and yet there are points on the line 
such as 1/2 that are not rational. The /2 
may be constructed as the diagonal of a 
unit square; it may be represented as the 
limit of an infinite sequence of rational 
numbers 1, 1.4, 1.41, 1.414, - - - , orit may 
be represented as an infinite decimal 
1.414214 - - -. Since all non-zero rational 
multiples of 1/2 are also irrational, there 
are infinitely many “holes” in the line of 
rational points—holes in the sense that a 
curve may cross the line without inter- 
secting it in a point corresponding to a 
rational number. 

Suppose we consider all points on the 
line constructible from the unit distance 
using ruler and compasses, i.e., all points 
expressible in terms of integers using a 
finite number of the operations +, —, -, 
+ and extraction of square roots. Are 
there still “holes” in the number line? 

Yes. The number ~¥/2 is not construct- 
ible. It is the intercept of the graph of 
y=x*'—2. Suppose we add all algebraic 
points—all points that are associated with 
roots of polynomials with rational coeffi- 
cients. These numbers include all rational 
numbers, radicals, and since the roots of 
some equations of degree greater than 
four cannot be expressed in terms of radi- 
cals, they include other numbers also. Are 
there still “holes” in the number line? 

Yes. If we put a spot of paint on a circle 
of unit diameter, place the circle with the 
painted spot on the origin and roll it 
without slipping along the line, the next 
paint spot on the line will be at which is 
not an algebraic number. It can be repre- 
sented as a limit of an infinite sequence of 
rational numbers 3, 3.1, 3.14, 3.141, ---, 


or as an infinite decimal, 3.141593 - - - 
Suppose we add all numbers expressible 
in terms of decimals (finite or infinite), 
ie., all real numbers. Are there still 
“holes” in the number line? 

No. We have now made our line con- 
tinuous by including all limits of conver- 
gent sequences of rational numbers. There 
is a 1-1 correspondence between the real 
numbers and the points on the line in 
Euclidean geometry. Order relations, addi- 
tion, multiplication, ... still have their 
usual properties. Any curve crossing the 
line intersects the line in a point corre- 
sponding to a real number. 

One might ask, can the real number sys- 
tem be extended in the same manner as we 
have extended the other sets of numbers? 
The answer is clear from the fact that 
there are no more “holes” in the number 
line and that our order relations depend 
upon the sense or direction in which one 
travels on the line. The real number sys- 
tem cannot be extended without changing 
the order relations. If the order relations 
are no longer considered, one may extend 
the real numbers to the complex numbers 
and many more abstract number sys- 
tems. 

Let us conclude our discussion of the 
use of geometry in teaching algebra with 
brief comments upon two other applica- 
tions of the concept of continuity. Any 
polynomial in a real variable x with real 
coefficients has the property that if it is 
negative when r=a and positive when 
x=b, then its graph must cross the x-axis 
at least once between a and b. It may cross 
any odd number of times (Fig. 8). This 
property is used in the approximation of 
roots of polynomial equations. 

Continuity is also very important in 
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any consideration of polynomial inequali- 
ties, such as p(x) >O. A crude sketch of the 
graph of the polynomial in terms of its 
zeros and their multiplicities (Fig. 8) en- 
ables the student to recognize immediately 
the content of the inequality, i.e., the in- 
tervals on which the polynomial is posi- 
tive. 

We have considered a few examples of 
the use of geometric concepts in the teach- 
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ing of algebra. We have not taken time to 
discuss graphical solutions of problems, 
geometric interpretations of systems of 
simultaneous equations and many other 
important applications of the use of geom- 
etry in teaching algebra. The basic thesis 
of this paper has been that all branches of 
mathematics can be best understood in 
terms of their interdependence upon the 
foundations of mathematics. 
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clearly kept so in the minds of our stu- 
dents. (3) Analytic geometry, a study of 
space through the use of algebra, also has 
a definite set of axioms. Here there is an 
isomorphism between elements (or com- 
bination of elements) in space and num- 
bers (or groups and operations on num- 
bers) assigned or given the name of the 
element. Thus (2, y) or (x, y, Z) is a point; 
ar+by+ec=0 straight line; ar 
+hy+cez+d=Oisa plane;m,= —1/m.,isa 


is a 


condition of 


perpendicularity of lines; 
V (%2—2)?+ Is the length of a 
line segment; etc. The symbols are num- 
bers, but they designate geometrical en- 
tities. And furthermore, under these 
analytic geometry agreements, the axioms 
of Euclidean synthetic geometry can be 
translated into equivalent algebraic state- 
ments, and hence all EKuclidean geometry 
theorems (relations) are solvable by coor- 
dinate geometry. The process of doing this 
is given in the appendix of Coordinate 
Geometry by L. P. Eisenhart, a book all 
teachers should examine. 
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The Decimal Point and Slide Rule Answers 


By E. L. EaGue 


THE PLACING of the decimal point in the 
slide rule answer is frequently done 
through a process of estimating the ap- 
proximate answer and making placement 
accordingly.' For some people, the method 
is sometimes time-consuming as well as 
productive of incorrect conclusions. Shus- 
ter? found that slide rule learners expe- 
rience considerable difficulty in using this 
method—indeed, 33.4% of the errors 
made by the students in his study came 
from this source. Shuster recommended 
the “standard number’ system?’ as being 
a more desirable method of meeting the 
problem of the straying decimal point. A 
method, arising out of the logarithmic 
nature of the slide rule, is presented here. 
This method is explained only in connec- 
tion with its application to the C- and 
D-scales. It may, however, be extended 
to include all scales on the Log Log Duplex 
Trig slide rule.‘ 

When common logarithms are used to 
make a computation, it is taken for 
granted that the use of the characteristic 
of the logarithm in placing the decimal 
point in the answer is a sound practice. 
No one apparently advocates that the 
use of the characteristic be discontinued, 
and that the decimal point should be 
placed in accordance with an approximate 
answer. Therefore, a system nearly as 
simple for the slide rule, a method which 


1 J. M. Thomas, ‘‘Pointing Off in Slide Rule 
Work.”’ American Mathematical Monthly, LV 
(November, 1948), 567. 

2 Carl N. Shuster, A Study of the Problems 
in Teaching the Slide Rule. (New York: Bureau 
of Publications, Teachers College, Columbia 
University, 1940.) 

3 E. W. Banhagel, Logarithms and Slide Rule 
For Practical Use. (Chicago: Ziff-Davis Pub- 
lishing Company, 1945), p. 113. 

4. L. Eagle, The Log Log Scales of the 
Slide Rule. Mathematics Magazine, XXV (Nov.— 
Dec. 1951), 101. 


Glenn L. Martin Company, Baltimore, Maryland 


572 


makes use of the characteristic of the log- 
arithms of the numbers involved in a 
computation, would likely be weleomed by 
many slide rule users. It is hoped this 
paper will do just that. The adoption of a 
method for pointing off in no way implies 
that one should not also check the reason- 
ableness of each answer. In fact, one can 
(and should) develop his ability at sensing 
number size, an invaluable aid to confir- 
mation of correctness in procedure and 
accuracy in computation. 

Under the system presented here, one 
simply writes above (or below) each num- 
ber used in a computation the character- 
istic of the logarithm of the number, unity 
being added to this characteristic when 
the slide extends to the left; and, at the 
end of the computation, these character- 
istics are added or subtracted (in accord- 
ance with the laws of logarithms for such 
operations) to obtain the characteristic of 
the answer. 

A person who has used the slide rule for 
years will not find it easy to jot down the 
characteristic for each operation as it is 
completed. He is accustomed to carrying 
through all operations of a computation 
without devoting this moment between 
operations for designating characteristics. 
On the other hand, beginners do not ex- 
perience this as a difficulty. Indeed, for 
them it becomes a device to show the 
operations completed at any time during 
a computation and to indicate the opera- 
tions yet to be done. 

This system requires the use of the def- 
inition of the characteristic of a logarithm 
and a few rules analogous to the laws of 
logarithms. While this article assumes the 
reader to be familiar with logarithms, it is 
noteworthy that such knowledge, though 
helpful, is not at all mandatory to the use 
of this method—that is, the use of the 
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THE DECIMAL POINT AND SLIDE RULE ANSWERS 


definition of a characteristic and the rules 
which follow in this paper suffice to make 
this possible. 

Rule 1. Multipiication: The character- 
istic of the product of two numbers is the sum 
of the characteristics of those numbers (the 
characteristic of the second factor being in- 
creased by unity if the slide extends to the 
left). 

Example 1. 

Evaluate (4.75) (0.00665). 

Procedure: Write the characteristic® of 
4.75, namely 0, above it. Set the right C- 
index to 475 on the D-seale. Move the hair- 
line to 665 on the C-seale. Since the slide 
extends to the left, write the characteristic 
of 0.00665 increased by unity, namely 
(—3+1), above it. Take the reading: 316. 
Compute the characteristic of the answer: 
0+(—2) = —2. Thus, 


0 
(4.75)(0.00665) = .0316. 


Example 2. 
Evaluate (.00213)(115000). 
Outline: 


3 5 2 
(.00213)(115000) = 245. 


Rule 2. Division: The characteristic of the 
quotient of one number divided by another is 
found by subtracting the characteristic of the 
divisor from the characteristic of the dividend 
the characteristic of the divisor being in- 
creased by unity when the slide extends to the 
left). 

Example 3. 

0.675 

0.0825 

Procedure: Write the characteristic of 
0.675, namely —1, above it. Set the hair- 
line to 675. Draw 825 on the C-scale under 
the hairline. Since the slide extends to the 
left, write the characteristic of 0.0825 plus 
nity, namely (—2+1), below it. Take 
the reading: 818. Compute the character- 
istic of the answer: —1—(—1)=0. Thus, 


Evaluate 


j * Meaning: the characteristic of the logarithm 
of 4.75, 


—1 
0.675 0 
———=8.18. 
0.0825 


Rule 3. Compound Operations of Multi- 
plication and Division: The characteristic 
of the answer is equal to the sum of the char- 
acteristics of the factors in the numerator 
less the sum of the characteristics of the fac- 
tors in the denominator (the characteristic of 
each factor being increased by unity when 
the associated position of the slide is to the 
left). 

Example 4. 


(0.00786) (213) (18300) 
Evaluate —— . 


Procedure: Write the characteristic of 
0.00786, namely —3, above it. Set the 
right C-index to 786 on the D-scale. Move 
the hairline to 213 on the C-scale. Since 
the slide extends to the left, write the 
characteristic of 213 plus unity, namely 
(2+1), above it. Draw 1215 on the C-seale 
under the hairline. Write the character- 
istic of 12.15, namely 1, below it. Move 
the hairline to 183 on the C-scale. Write 
the characteristic of 18300, namely 4, 
above it. Take the reading: 252. Compute 
the characteristic of the answer: (—3+3 
+4)—1=3. Thus, 


—3 3 4 
0.00786) (213) (18300 
(0.00786) (213)(18300) _ 


12.15 
1 


DERIVATION OF THE SYSTEM 


The C-Scale. The distance from the left 
index of the C-scale to any specific point 
on the C-seale with which is associated a 
particular number, say X (as designated 
by numbers printed in the vicinity of that 
point), represents the mantissa of X. This 
distance is always less than unity, and the 
distance from the left index to the right 
index is exactly 1 unit. So, the distance 
from the right index to X represents (1— 
mantissa of X). The same statements may 
be made about the D-scale, since it is 
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Fig. 1. The C- and D-seales. 


identical to the C-seale. See Figure 1, in 
which 1/7 y stands for “mantissa of X.” 

Multiplication. Suppose we wish to mul- 
tiply A by B to obtain the product, P: 
P=AB. Then, by logarithms, 


log P=log A+log B. 


Adopting the nomenclature Cy to stand 
for the characteristic of X, and Wy for 
the mantissa of YX, the above equation 


becomes 
(1) 


Case I. Experience in dealing with log- 
arithms reminds one that in adding W4 
and Wx, sometimes there is no carryover, 
this being the case when W4+M,<1. If 
this is the case, then the distance for AM, 
taken on the D-scale plus the distance for 
Mp on the C-seale must give a total dis- 
tance less than unity, and consequently 
the hairline must fall short of reaching the 
right D-index with the result that the 
slide extends to the right. There being no 
carryover, 
M P= M,t+M B. (2) 
This conclusion is also verified by the 
addition of line segments in Figure 2. Sub- 
tracting (2) from (1), we have 


Cpe=CatCn. 


[December 


Thus, when the slide extends to the right, 
the characteristic of the product, 7, 
equals the sum of the characteristics of the 
factors A and B. 

Case IL. If upon adding Wy and J/,, 
there is a carryover, then 


| Ma, M 


If we attempt to add, graphically, the 
distances tor M4 and J/,% as was done in 
Case I, the hairline will move beyond the 
D-index (and no reading on the D-scale 
‘an be made. So, to rectify this situation, 
the right C-index is moved to the former 
position of the left C-index, and the slid 
now extends to the left. Recalling that there 
Was a carryover, we may state 


Mp+l=Ma+Mn. 


Or, 

3) 
The validity of relationship (3) is also sup- 
ported by Figure 3. Subtracting (3) from 
(1), 


Cp=C,+4 (Cp+1). 


Thus, when the slide extends to the lett, 
the characteristic ot P is equal to the 
characteristic of A plus the characteristic 
of B increased by unity. 

Division. Let A be 
yield the quotient Q: Q=A/8. 
arithms, 


divided by B to 
By log- 


log Q=log A—log B. 


Or, using symbols introduced earlier: 


CetMe=(Cat+M a) —(CgtMsz). () 
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One Unit 


Fic. 3. Slide extends to left; Mp=Ma4—(1—Map) 


Two cases are apparent: either 14>Me, 
or Ma < Mpg. 

Case I. When M4>.7z,, it is unneces- 
sary to borrow in order to subtract VW, 
from 1/4 as directed in the right member of 
(4). Hence, 


M Ma M B. (5) 


Ma=Mo+Mz. 


Figure 4 shows a setting made on a slide 
rule for dividing A by B, and obviously 


M4 can be greater than J/, only when the 
slide extends to the right. Subtracting (5) 
from (4), 


(6) 


Thus, when the slide extends to the right, 
the characteristic of the quotient is equal 
to the characteristic of the numerator 
minus the characteristic of the denomi- 
nator. 

Case I]. When it is necessary 
to borrow in order to subtract 17, from 


(Continued on page 577) 


One Unit 


Fig. 4. Slide extends to right; W4=Mag+Mz. 


One Unit 


Fia. 5. Slide extends to left; M4=Mg—(1—Ma). 
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Leonardo da Vinci and the Center of Gravity 
of a Tetrahedron 


By JoHN SATTERLY 


WE Ake all celebrating this year (1952) 
the quincentenary of the birth of Leonardo 
da Vinci (1452-1519), the great Italian 
artist, physicist, engineer and anatomist. 
One problem which he was the first to 
solve may be of interest to our younger 
mathematicians. 

Archimedes (287-212 B.c.), the great 
Greek mathematician of antiquity, had 
been successful in determining the posi- 
tion of the center of gravity of plane 
figures and Leonardo advanced to solid 
figures solving the problem of the position 
of the center of gravity of a uniform tetra- 
hedron or triangular pyramid. He stated 
the result in these words (I give a transla- 
tion) ‘The center of gravity of a pyramid 
is in the fourth of its axis towards the 
base’’ and he accompanies this note with 
a diagram. His proof is, however, not given 
in full and maybe he arrived at the correct 
result by intuition. I shall supply here 
what may have been in his mind. 

Archimedes had shown that the center 
of gravity of a plane triangular sheet was 
at the common intersection of the me- 
dians, this point (now also called the 
centroid) being one third of the way up a 
median from the corresponding base. 
Leonardo knew this and may have pro- 
ceeded as shown in Figure 1. 

Let PQRD (Fig. 1 similar to Leonardo’s 
diagram) represent, in perspective, a tetra- 
hedron and MD, MP the medians of the 
two faces DQR, PQR drawn from the com- 
mon edge QR. The centers of gravity of 
the two faces DQR, PQR are at X and Y 
each one-third of the way up the medians 
MD, MP respectively. Join PX, DY. 
Triangular slabs of the tetrahedron cut 
parallel to the face DQR will naturally 
have their centers of gravity on PX and 
therefore the centers of gravity of the 
whole tetrahedron will be on PX. Simi- 
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larly it will lie on DY. Therefore it must 
be located at G the point of intersection 
of PX and DY. Leonardo states that @ 
is one quarter of the way up XP towards 
P and one quarter of the way up YD 
towards D. He does not give a proof and 
he might have considered it an obvious 
result or he may have arrived at it by 
intuition or careful draftmanship. 

Lesser folk, like ourselves, require a 
proof and I give here a proof which 
Leonardo may have followed: The section 
PMD of Figure 1 is reproduced in Figure 
2. Join XY. Since MX and MY are each 
one-third of MD and MP respectively, 
XY is parallel to PD and in length equal 
to one-third of PD. Therefore, the tri- 
angles XGY and PGD are similar and 
XG/PG=XY/PD=YG/GD=1/3 whence 
it follows that G is one-fourth of XP up 
from X towards P, and also one-fourth of 
YD up from Y towards D. A similar result 
holds for the other faces and medians that 
might have been taken. 

The result thus obtained by Leonardo 
for the triangular pyramid is true for all 
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Fia. 2 


pyramids, for all pyramids may be con- 
sidered composed of triangular pyramids 
standing on the same basal plane. Leon- 
ardo’s “‘axis’”’ here extends from the center 
of gravity of the base of the pyramid to 
the vertex. 

In connection of the above result of a 


} of the way up the median leading to a } 
of the way up the axis it may be noted 
that this is a special case of a more general 
theorem for triangles. It can be shown, as 
above, that if two points X and Y divide 
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the two sides MD, MP of any triangle 
PMD such that MX/MD=MY/MP 
=I1/n then will XG/XP=YG/YD= 
1/(n+1). Thus } leads to 3, 4 to }.and so 
on. Possibly Leonardo knew this. 

It is also worth noting that if, in all 
cases, the line MG is produced to cut PD 
in N, the point N bisects PD, i.e. MN isa 
median of the triangle PMD. This follows 
from Ceva’s Theorem which states for any 
three concurrent lines drawn from the 
vertices of a triangle to their opposite 
bases respectively the product of the al- 
ternate segments MX, DN, PY equals the 
product of the other alternate segments 
XD, NP, YM. This expression becomes, 
in our case, 


MD)(DN pu) 
n 


MD).NP 
n n 


whence DN = NP. Also (n—1)MG=2 GN 
and therefore in Leonardo’s diagram 
MG=GN. We may also say, “The center 
of gravity of a tetrahedron bisects the line 
joining the mid-points of two opposite 
edges of the tetrahedron.” 
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M, as required in the right member of 
(4). Hence, 


Or, see Figure 5. 
Figure 5 shows a division of A by B, and 
reveals that the slide must extend to the 
left in order for M4 <M Subtracting (7) 
from (4), 


Thus, when the slide extends to the left, 
the characteristic of the quotient is equal 
to the characteristic of the numerator 
minus the characteristic of the denomi- 
nator plus unity. 
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IN ORDER to illustrate the use of some 
of the more common measures of central 
tendency in the field of statistics, it is 
usually necessary to refer to frequency 
distributions based upon different kinds 

of observations or measurements. This is 

natural and appropriate, since such meas- 

ures as the arithmetic mean, the mode, and 

the median, do not always give equally 

good representative values for a given set 

of numerical data. Different types of fre- 

quency distributions (i.e., groupings of 

data into classes with the corresponding 

frequency of each class), or at least differ- 

ent distributions of the same general type, 

must therefore be used to illustrate these 

statistical averages and to show when each 

gives a more typical value. 

It is possible, however, to illustrate 
these three measures by referring to just 
one specific frequency distribution, and to 
obtain meaningful although different re- 
sults in each case. We refer here to the 
type of distribution embodied in the so- 
called life table, perhaps more commonly 
referred to as a mortality table. In its sim- 
plest form, such a life table may be 
thought of as giving the “‘life’’ (or 
“death”’) history of a certain large number 
of persons, for example, 100,000, born at 
the same time into some well defined cate- 
gory (national, racial, geographical, or the 
like). In effect, records are kept on this 
particular group as to the age at which 
each individual dies. These data can then 
be used to determine the number of per- 
sons of the original group dying at a par- 
ticular age, the number still alive at any 
given age, etc. 

Such a table would probably require al- 
most a hundred years for its completion; 
by that time it would be of little value ex- 
cept for historical purposes. Having no 
such table at our disposal, we shall there- 
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HALLERBERG e 
1 
fore base our illustration on the Commis- ay 
sioners’ 1941 Standard Ordinary Mortal- (] 
itv Table. This table was constructed by a tl 
different method, but for the purposes of vi 
this illustration it may most easily be va 
thought of as representing the above situ- se 
ation.' Since 1948 this table has widely re- th 
placed the American Experience Table of sti 
Mortality in many of the computations gir 
involved in various forms of life insurance. su 
Each of the three measures mentioned thi 
above gives a particular type of “average” 
or “representative value” for a set of data. ab 
We may therefore apply these concepts in an 
using a mortality table to find some sort oft 
of answer to such questions as “how long (If 
will the ‘average’ person live,” “‘what is sco 
the ‘average’ length of life,” ete. It the 
should not be necessary here to point out sco] 
that nothing can really be said about pre- tabl 
dicting the length of life of any one indi- pers 
vidual person; we can only use the experi- ing 
ence of a large group of persons in predict- sligh 
ing what will happen to another large Hen 
group. However, it is interesting to set up enti 
some sort of hypothetical “average’’ per- per | 
son and see what might be said about how the « 
long, ‘fon the average,”’ he will live. Here by ji 
one of the important results is that the Vear 
Obviously this is a decided oversimplifica- 
tion of the matter, but a detailed account of sider 
what is actually represented by such a table whic] 
would defeat the purpose of this illustration For « 
Essentially this table was prepared from the : 
mortality records of life insurance companies tain t 
during the ten year period from 1930 to 1940. of 69 
For details of how a life table may be con- pecte 
structed, and for further references on the Con- 
missioners’ 1941 Table, the reader is referred group 
to the informative and very readable book by is cre: 
L. I. Dublin, A. J. Lotka, and M. Spiegelman, grou 
Length of Life, a Study of the Life Table, Ronald P 
Press, revised edition, 1949, pages 10-25, 294, It y 
303-332. This book also contains many useful and more 
interesting comparative figures, tables, ané “most 
charts on the different causes of death for var- . 
ous groups classified according to age, 8%, ring 
locality, nationality, and the like. many 
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answer depends on exactly how the ques- 
tion is stated. And this is where the appli- 
‘ation of the different statistical averages 
enters into the picture. 

Suppose we consider the Mortality 
Table as a frequency distribution with the 
age at which death occurs as the variate. 
(In this case the variate also represents 
the number of whole years that each indi- 
vidual lives.) The length of the class inter- 
val is one year. Frequency therefore repre- 
sents the number of persons (from among 
the original group) who die in the year of 
stated age, that is, in the year following a 
given birthday. As usual, it will be as- 
sumed that the deaths occur uniformly 
throughout the vear. 

The median is defined to be that value 
and below which lies an 


above which 


an equal number of variates; hence it is 
often referred to as the ‘middle’ score. 
(If there is an even number of variates, or 
scores, the median is usually defined as 
the value midway between the two middle 
scores.) Using the extended form of the 


table, we find that of the original 1,023,102 
persons who might be considered as form- 
ing our hypothetical group, only 506,403, 
slightly less than half, attain the age of 68. 
Hence the median age of death for the 
entire group, that is, that age which 50 
per cent of the entire group attains and 
the other 50 per cent does not attain, is, 
by interpolation, a little less than 67.8 
years. 

This value of course changes if we con- 
sider the median of a particular group 
which has already attained a certain age. 
For example, half of the 927,763 who at- 
tain the age of 29 are still alive at the age 
of 69.6 years. Hence, as would be ex- 
pected, the median age of death of the 
group which has actually attained age 29 
is greater than the median of the original 
group as a whole. 

It will be recalled that the mode, in its 
more elementary form, is defined as the 
“most popular’ score—the variate occur- 
ring with the greatest frequency. (For 
many frequency distributions a more re- 


fined definition of the mode is necessary, 
but the above is adequate for our pur- 
pose.) It is a simple procedure to check 
the number of deaths occurring in each 
year and to find that the number of 
deaths during the year of age 74 is 28,154, 
the largest number of the original group 
to die at any particular age. 

We finally examine the most important 
average, the arithmetic mean. This is de- 
fined to be the sum of the variates divided 
by the number of variates. It is only by 
reference to the arithmetic mean that the 
often used (and sometimes misused) ex- 
pression, ‘“‘the expectation of life,” can be 
fully appreciated. Actually, the expression 
might more appropriately be replaced by 
“average future lifetime,” since intuitively 
the idea of expectation of life might be 
confused with either of the two previous 
concepts. 

By methods to be described below, the 
average future lifetime (the complete? ex- 
pectation of life) of an individual at birth 
according to the Commissioners’ 1941 
Table is 62.33 vears. At age 29, the aver- 
age future lifetime is 38.61 years. 

With the idea of the arithmetic mean in 
mind, the average future lifetime for any 
given age is practically self-explanatory. 
It must first of all be noted that the ex- 
pectation of life must always be given with 
respect to some particular age. Thus, to 
find the average number of years still to 
be lived per person who has reached the 
age of 29, it is necessary to know the total 
number of years lived beyond age 29 by 
all persons of our original group who at- 
tained the age 29. The average future life- 
time of persons in this group is then found 
by dividing this total number of years 
lived by the number of persons attaining 
age 29. Except for the very highest ages, 
the computation of the average future 


? The “complete’’ expectation of life is here 
distinguished from the “curtate” expectation of 
life, which gives the average number of whole 
years lived after attaining a given age. The cur- 
tate expectation would therefore be about one- 
half year less than the complete expectation 
figure. 


es 
7 
ANAL 


580 


lifetime is somewhat lengthy. Using the 
data available in this table, the expecta- 
tion for age 96 could be computed in the 
following manner: 

If one assumes that the deaths occur 
uniformly throughout the year, the aver- 
age time lived per person after his last 
birthday would be one half year. Now let 
us consider the 1818 persons who reach 
their 96th birthday. The 813 persons dying 
during the year after the 96th birthday 
contribute 406.5 years to the total number 
of years still to be lived by this group; the 
remaining 1005 persons contribute one 
year each, until their 97th birthday. Re- 
peating this process for ages 97, 98, and 99 
gives us the following results: 


pure 
Number attaining | 


Age stated age during year 
9% 1818 813 
97 | 1005 551 
98 454 329 
99 | 125 125 


Adding the last two columns together 
therefore gives, for the group of persons 
actually attaining age 96, the total num- 
ber of years lived by them after they at- 
tain that age. The average future life- 
time, computed as an arithmetic mean, is 
therefore 2493/1818, which gives 1.37 as 
the complete expectation of life for age 96. 

A nationally syndicated press release 
early in 1952 stated: “A noted educator 
predicts that within the next quarter cen- 
tury the average life span will be 100 to 
120 years.’’ Now just what the educator 
(or possibly the reporter) meant by “‘aver- 
age life span” is of course difficult (if not 
impossible) to say. A comparison of the 
values mentioned above obtained from 
the Commissioners’ 1941 Table with its 
main forerunner, the American Experience 
Table, may be of interest in attempting to 
evaluate such a conjecture. 

We may first of all recall that the Ameri- 
can Experience Table dates back to the 
year 1868, and was primarily based upon 
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the experience of the Mutual Life Insur- 
ance Company of New York. Since it rep- 
resented a conservative standard, it was 
almost universally used in this country for 
calculating policy reserves on standard 
ordinary insurance and for the valuation 
of insurance contracts. As there has been 
considerable improvement in the mor- 
tality rate since the older table was formu- 
lated, especially in the younger ages, it 
was felt that more up to date tables 
should be used. Since January of 1948 the 
American Experience Table has been re- 
placed by the Commissioners’ 1941 Stand- 
ard Mortality Table. 

The table on the next page gives a com- 
parison of the values obtained by the 


Total number of vears lived by those 
dying during year | living through vear 


406.5 1005 
275.5 454 
164.5 125 

62.5 000 


1584 =2493 


methods above, using the two tables. Fig- 
ures in parentheses give the sum of the 
expectation of life at the stated age plus 
the stated age—they therefore represent 
the average length of life (in the sense of 
the arithmetic mean) for all those attain- 
ing the stated age. 

These figures show very vividly the re- 
sult of advances in prenatal, birth, and 
early childhood conditions in more recent 
years. They also make one wonder what 
as yet unannounced elixir of life is in store 
for us which will raise the “average life 
span”’ within the next quarter of a century 
to 100 to 120 years. (More correctly, per- 
haps, they make us wonder what new sta- 
tistical average has been invented which 
would yield such results.) 

It has already been pointed out that 
the results of these two tables are applica- 
ble only to a large group. Actually we must 
add that they are applicable to a special 
large group, namely, to those who are 
considered “good insurance risks.’’ This 
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| American Experience Table | 
(1868) 


| Commissioners’ Standard 


(1941) 


Median (for the entire group 
at birth) 


ue 67.8 


Mode 


74 


Complete Expectation 
of life at age: 
0 


.45 (41.45) 
10 .72 (58.72) 
29 .03 (65.03) 
60 
80 .39 
90 .42 (91.42) 


62.33 (62.33) 
55.47 (65.47) 
38.61 (67.61) 
14.50 
5.06 (85. 
2.58 (92. 


84.39) 


* The number dying at age 74 was almost exactly the same as the number dying at age 73. 


includes such factors as being qualified 
physically, financially, and the like, and 
hence each table would not pertain to a 
random selection of individuals. The more 
general life tables, although used in the 
early history of life insurance, have thus 
been replaced by tables which endeavor to 
fit only the particular group to which they 
are applied. 

In conclusion, it might be well to sum- 
marize how such a mortality table can be 
used as a teaching and enrichment aid: 

1) In the form of a single frequency dis- 
tribution it allows the illustration and ap- 
plication of the three most common statis- 
tical averages in a decidedly meaningful 
situation. In connection with the expecta- 
tion of life, it also illustrates how an 
arithmetic mean may be increased with- 
out appreciably increasing the size of the 
largest variates. 

2) It vividly illustrates the role of defi- 
nition in a life situation as well as in 
mathematics. The student should see how 
different answers can be given to the ques- 
tion: “What is the ‘average’ length of 
life?” depending upon the particular 
meaning which is attached to this ques- 
tion. 


3) It permits a pointing up of the role 
of assumptions in our thinking. A helpful 
exercise for the student would be to list 
some of the assumptions involved in using 
any of these tables. For example, the cus- 
tomary assumption that the variates are 
evenly distributed throughout the class 
interval (hence that the deaths are uni- 
formly spaced throughout the year) is 
usually considered to hold for this type of 
distribution, except for the first year after 
birth. For the first year the deaths occur 
in such a way that the year must be 
broken up by months in order to present 
the true picture. According to one life 
table for white males, the death rate per 
1000 varies from 31.05 the first month, to 
3.59 the second month, to only 0.70 the 
twelfth month.* 

Finally (although this aspect has not 
not been considered in this paper), the 
mortality table can also be used to il- 
lustrate some of the applications of prob- 
ability and other aspects of mathematics 
to the actuarial field, which some of our 
ablest students in mathematics may well 
be encouraged to enter. 


3 Ibid., page 24. 


The National Teacher Examinations will be given at 200 testing centers throughout the United 
States on Saturday, February 14, 1953. At the one-day testing session a candidate may take the 
Common Examinations, which include tests in Professional Information, General Culture, English 
Expression, and Non-Verbal Reasoning, and one or two of eight Optional Examinations designed 
to demonstrate mastery of subject matter to be taught. For application forms and further informa- 
tion write: National Teacher Examinations, Educational Testing Service, Princeton, New Jersey. 
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WHAT IS GOING ON IN YOUR SCHOOL? 


E 
J. A. Brown 
Wisconsin High School 
Madison, Wisconsin 


CONCEPT 
IN GEOMETRY! 


Suppose a theorem has m conditions in 
the hypothesis and m conditions in the 
conclusion. According to Lazar* a converse 
may be obtained by interchanging any 
number of conditions in the conclusion 
with an equal number of conditions in the 
hypothesis. Our theorem would then have 


apparent converses although 


these may not all be distinct after they are 
verbalized. 

It is the purpose of this paper to elab- 
orate on Lazar’s thesis to the extent of 
showing that certain well-defined peda- 
gogical advantages can result from the 
systematic classroom use of the multi- 


1 Department Editor’s Note: Some plane ge- 
ometry teaching is too formal, following tradi- 
tion, and leaves little opportunity for originality 
on the part of the student. In Mr. Allen’s 
account of his use of the multi-converse concept 
in geometry, it is shown how students can be 
given an opportunity to state new theorems, 
some false as well as some true, and to prove 
them, false or true as the case may be. This is 
in keeping with best current trends in teaching 
mathematics at all levels, and is in the opinion 
of the editors of this Department an excellent 
illustration of the “discovery” approach in ge- 
ometry. 

Because of the importance of these concepts, 
often neglected in geometry, and because of the 
ever greater importance of Mr. Allen’s way of 
taking care of them in his classes, the editors 
feel that this account makes a fine contribution 
to materials on what is going on in our schools. 
The content of this paper was recently presented 
at a National Council meeting and Mr. Allen 
was asked to send selections from his address to 
this Department so that other teachers could 
see what he is doing in one phase of his geome- 
try course at Lyons Township High School. 

2 Nathan Lazar, ‘‘The Importance of Cer- 
tain Concepts and Laws of Logic for the Study 
of Teaching of Plane Geometry,” THe Matue- 
MATICS TEACHER, XXXI (1938) 99-113; 156- 
174; 216-240. 


582 


dited by 


H. KARNES 


and Louisiana State University 


Baton Rouge, Louisiana 


converse concept in the study of geometry. 
Several examples will be presented show- 
ing how the concept can be applied to 
familiar geometric situations and then the 
supposed advantages will be offered for 
consideration. 

Example 1. The bisectors of the consecu- 
tive interior angles formed when two paral- 
lel lines are cut by a transversal are per- 
pendicular to each other. 


Hypothesis: Transversal NX) inter- 
sects lines AB and CD in points O and 
Q forming consecutive interior angles 
QOB and OQD; |; passes through O and 
l, passes through Q. Also 

(1) 
(2) i, bisects ZQOB 
(3) l bisects ZOQD 


Conclusion: 
l; lo. 


The class is asked to form the three con- 
verses obtained by exchanging the con- 
clusion with each of the numbered items in 
the hypothesis. They are then required to 
devise a statement in the if-then form to 
describe each of the geometric situations 
thus obtained. They see that the same 
statement results from the last two ex- 
changes so that only two of the converses 
are distinct after they are verbalized. 
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These two may be expressed as follows: 

1. If the bisectors of two of the consecutive 

interior angles formed when two straight 

lines are cut by a transversal are perpen- 

dicular to each other then the lines are 
parallel. 

2. If one of two consecutive interior angles 
formed when parallel lines are cut by a 
transversal is bisected and a line is drawn 
perpendicular to this bisector from the 
vertex of the other angle then this line 
bisects the other angle. 

The students know of course that a con- 
verse of a true statement is not necessar- 
ily true. The question of the validity of 
these two statements must therefore be 
thoroughly investigated. If a student be- 
lieves that a converse is false he may prove 
this by showing that it is inconsistent with 
previously proved theorems. Or he may 
rest his case on a single exception as shown 
ina diagram. If he believes it to be true he 
is required to present a proof. In this case 
it is found that both of the converses are 
true and that direct proofs may be ob- 
tained for them. 

Example 2. If a quadrilateral has equal 
diagonals and one pair of opposite sides 
parallel, then the other pair of opposite 
sides are equal and they make equal 
angles with each of the parallel sides. 


D c 


Hypothesis: ABCD is a quadrilateral 
having diagonals AC and BD and 

H, AC = BD 

H. DC || AB 


Conclusion: 
C, AD = BC 
C, ZDAB = ZABC 
ZADC = ZDCB 


After this is proved it is seen that 
there are nine apparent converses. How- 
ever the same statement sometimes re- 
sults from two different exchanges so that 
only six of these converses are distinct 
after they are verbalized. These six can 
be stated as follows. 


1. If a quadrilateral 
has equal diagonals and one pair of op- 
posite sides equal, then these equal sides 
make equal angles with each of the other 
two sides and the other two sides are 
parallel. 

2. and C2.) 
If a quadrilateral has equal diagonals and 
one pair of opposite sides make equal 
angles with a third side, then this pair 
of opposite sides are equal, the other pair 
of opposite sides are parallel and the other 
two angles of the quadrilateral are equal. 

3. -H,C.C3.) If a quadrilateral 
has one pair of opposite sides parallel 
and the other pair equal, then these equal 
sides make equal angles with each of the 
parallel sides and the diagonals are equal. 

4. HiCiC; and 
If one pair of opposite sides of a quadrilat- 
eral are parallel and the other pair of 
opposite sides make equal angles with one 
of them, then this latter pair of opposite 
sides are equal, the other two angles of 
the quadrilateral are equal and the diago- 
nals are equal. 

5. (CiC2 Hi HeC;.) If two opposite 
sides of a quadrilateral are equal and make 
equal angles with a third side, then the 
other pair of opposite sides are parallel, 
the other two angles of the quadrilateral 
are equal and the diagonals are equal. 

6. (CyC;— Hy and H2C}.) 
If the angles at the extremities of one 
side of a quadrilateral are equal to each 
other and the angles at the extremities 
of the opposite side are also equal to 
‘ach other, then these two opposite sides 
are parallel, the other two opposite sides 
are equal and the diagonals are equal. 

Investigation by the class will show that 
only the first, fourth, fifth, and sixth are 
true. 

Example 8. If two perpendicular lines 
intersect ona circle and one passes through 
the center then the other is a tangent. 

For purposes of this discussion the three 
converses will be listed without reference 
to a drawing. They are obtained by the 
interchange of conditions in the manner 
shown above. 
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1. If two lines intersect on a circle and 
one is a tangent and the other passes 
through the center then they are perpendic- 
ular. 

2. If two perpendicular lines intersect 
on a circle and one is a tangent, then the 
other passes through the center. 

3. If one of two perpendicular lines 
passes through the center of a circle and 
the other is a tangent then they intersect 
on the circle. 

These examples are perhaps sufficient 
to show how the multi-converse concept 
‘an be applied and to give some idea of 
its scope. The following advantages of 
the method are offered for consideration: 


1. It provides intensive training in the pre- 
cise and accurate use of English. The 
effort to express the proposition indi- 
cated by the symbols in terms of a gener- 
al statement invariably raises class inter- 
est to a high level. The students learn 
that mere fluency is not enough, that 
words must be used with careful atten- 
tion to their meaning. Usually a good 
many efforts are made before someone 
succeeds in framing a statement that is ac- 
ceptable to the entire class. Even then 
others will try to improve on this state- 
ment so that the final form will be smooth 
and more elegant. Needless to say, it is 
frequently necessary to appeal to some of 
the fundamental rules of grammatical con- 
struction. 

2. It is a method of discovery. The student 
can devise his own theorems and exercises 
by means of these simple manipulations 
of the data in the hypothesis and conclu- 
sion. When he considers each new stete- 
ment he asks, ‘‘Is this true?” This is psy- 
chologically quite different from being con- 
fronted with a new theorem whose proof 
he is told to master. This constant ques- 
tioning of the validity of new generaliza- 
tions creates an atmosphere which fosters 
an inquiring, contemplative frame of 
mind. 

3. It traces a strong logical connection be- 
tween certain sets of theorems. The stu- 
dent is encouraged to see theorems in 
groups rather than singly. He is equipped 
with a method whereby, given a key 
theorem, he can obtain all the theorems 
in a mutually converse set. 

4. The method can be used to develop an 
almost inexhaustible supply of highly per- 
tinent exercises. 

5. The method may take the teacher, as 
well as the pupil, off the beaten track oc- 
sionally. 

6. It stresses repeatedly the fact that a con- 
verse of a true statement is not necessar- 
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ily true and so puts the student on guard 
against the many insidious forms of that 
fallacy. 

7. It stresses the fact that the validity of a 
general statement can be destroyed by 
citing a single exception. 

Contributed by 
FRANK B. ALLEN 
Lyons Township High School 


LaGrange, Illinois 


Home-MaApE PROBLEMS FOR ALGEBRA 


The list of problems given in this article 
was compiled by students in a course in 
the Teaching of Secondary Mathematics 
given at Western Michigan College last 
fall. It is submitted with their permission 
in the hope that it may suggest an activity 
which some teachers will find helpful.* 

The idea of making such a list originated 
while we were considering difficulties 
which ninth grade students have in con- 
nection with verbal problems in algebra. 
The opinion was frequently expressed 
that many of the verbal problems found 
in textbooks are such that ninth grade 
students look upon them as being neither 
useful nor very interesting. The recurrent 
expression of this opinion led to the sug- 
gestion that students might try making 
up some problems of their own, the ide: 
being that they would find such problems 
more interesting than book problems, and 
thus would work at them with more zest. 
Out of this grew the proposal that the 
members of our class, as prospective teach- 
ers of mathematics, try their own hand at 
this, and the list of problems presented 
herewith resulted from that undertaking. 

The 23 members of our class, all juniors 
or seniors in college, decided that each 
would make up and submit one or two 
original verbal problems which he or she 
considered interesting and suitable for 
use in ninth grade algebra. This was 
done and between 30 and 35 problems 
(presumably original) were submitted. 
These were then turned over to a commit- 


3 Unfortunately, limitations of space make it 
impossible to list the names of the 23 college 
students who participated in this exercise. Credit 
for the article really belongs to them. 
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tee of three members of the class for ap- 
praisal. The 20 problems listed below are 
the 20 which this committee selected as 
the best of the ones turned in. They are 
given here without change and without 
further comment. 

The members of the class felt that this 
little project was worthwhile though it 
was not as easy as they had thought it 
would be. They felt that ninth grade 
students, with a little help, might very 
well make up some verbal problems of 
their own and that this could add interest 
and understanding to this part of their 
work in algebra. 


Tue 20 ProspLemMs 


1. In a football game three backfield men 
threw 30 passes. The first threw 3 times as many 
as the third, and the second threw 4 as many 
as the first. How many did each throw? 

2. In the finals of the State Basketball 
Tournament, Bonville won 52 to 38. Bonville’s 
forward line of Peters, Jackson, and Belden 
scored 34 of these points. If Jackson scored 8 
more than Peters, and Belden scored 12 more 
than Jackson, how many points did each score? 

3. Peter Piper picked a peck of pickled 
peppers in six minutes. The first three minutes 
Peter Piper picked twice as many pickled pep- 
pers as he did the last three minutes. If there 
are 45 pickled peppers in Peter Piper’s Peck, 
how many pickled peppers did Peter Piper pick 
in each three minutes? 

4. One year a baseball player got 175 hits, 
some of which were singles, some doubles, some 
triples, and some home runs. He hit one more 
double than he did home runs, one less than 
half as many triples as home runs, and 15 more 
than four times as many singles as doubles. 
How many of each did he hit? 

5. Two-thirds of the fleas on a dog are killed 
after the first application of flea powder. The 
second application of powder kills one half of 
the remaining fleas. If the dog has 35 live fleas 
after the second application, how many fleas did 
it have originally? 

6. If a mule takes one keg of wine from a 
donkey’s back, he is carrying three times as 
much as the donkey, but if he gives the donkey 
one keg of his own, the mule is carrying a load 
equal to the donkey’s. How many kegs does 
each have in his original load? 

7. The combined ages of a family of five 
persons total 145 years. Father is 8 years older 
than Mother. Mother is one year less than twice 
as old as Mary. The combined ages of the two 
boys total 34 years and one is four years older 
than the other. Find the ages of the individual 
members of the family. 

8. The Rochester football team scored a 
total of 158 points during the season. Allen 


scored only by kicking extra points. The rest 
of the scoring was done by Miller, Jones and 
Woodruff. If Jones scored 2 more touchdowns 
than Miller, and Woodruff scored 10 more 
touchdowns than Jones, and Allen missed only 
3 extra points during the season, how many 
points did each man score? 

Nore: A touchdown counts 6 points, and an 
extra point is 1. 

9. A boy with 20 cents to spend went into 
the candy store to buy some gum and some 
candy. He wished to spend three times as much 
for candy as for gum. How much candy and how 
much gum could he buy with his 20 cents if 
gum is 5 cents a package and candy costs 5 
cents a bar? 

10. If an oil drum can be filled by one tap in 
9 hours, by another tap in 443 hours, and by still 
another tap in 1 hour, how long will it take to fill 
the drum if all three taps are working at once? 

11. Tom, Dick, and Rudy went fishing for 
bass. Tom caught three times as many fish as 
Dick, and four times as many as Rudy. Their 
total catch was 38 fish. How many fish did each 
boy catch if the largest fish was 17 inches long 
and weighed 3} pounds? 

12. If you were playing records on an auto- 
matic record player which would play 10 records 
without attention, and you found that each 
record averaged 2 minutes 40 seconds to play, 
and it took 7 seconds for each record to change 
how many records could you play in one hour? 
Allow 2 minutes to change the records. 

13. Dick hit a softball 70x feet and the ball 
went on a direct line from home plate over 
second base. Second base is 120 feet from home 
plate by way of first base. How far beyond 
second base did the ball go if z equals 3? Find 
the computed distance from home plate to sec- 
ond base correct to the nearest foot. 

14. This problem concerns a rootin’ tootin’ 
bandit-catching sheriff, and has nothing to do 
with the number of shots a six-shooter really 
holds. The sheriff is chasing a bandit and shoots 
2 of his supply of bullets during the first mile. 
He shoots five less during the second mile, five 
less than that during the third mile, and five 
less than that during the fourth mile. At the 
end of four miles he finds that he has shot all his 
bullets without effect, and he is forced to catch 
the bandit with a lasso. How many bullets did 
he have when he started? 

15. Jack and Bill went fishing. Bill caught 4 
bass, 3 perch, 5 sunfish, and several others. 
Jack’s luck wasn’t so good. He had as many 
bites as Bill had, but landed only 3 as many fish. 
On the way home the fish became heavy, so the 
boys sat down to rest. After taking a short nap, 
they found that a stray cat had eaten up } of 
their total catch. How many fish did each boy 
catch if they now have 20 fishleft? 

16. The school Jim attends is located on top 
of a hill. There are three flights of steps to the 
school building, and Jim wants to know which 
flight has the fewest steps. The front stairs 
have } as many steps as the back stairs, and the 
side stairs have 10 fewer steps than the back 
stairs. If there are 210 steps altogether, which 
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flight is the shortest, and by how many steps is 
it shorter than each of the others? 

17. At a class meeting consisting of 96 
students there had to be a vote to see if the 
students wanted to go on a class picnic. Under 
normal circumstances, everyone would like this 
entertainment, but since there were a few 
“pantywaists”’ and “bug haters’’ in the class, 
the motion was carried by only 24 votes. If each 
student were to eat three hotdogs at a cost of 10 
cents each, how many students voted in favor 
of a picnic? 

18. Paul, although pleased with the large 
vote in today’s council election, now has to see 
whether any candidate has won a majority 
of the votes for president. He knows that Jack 
received 155 votes; Ted, 106; Al, 57; and Tom, 
8 votes. Ken tells him “I can total these votes 
without adding.’’ How does Ken do this? Has 
any one of the boys won a majority? HINT: 
Notice that each number of votes is a common 
number (n) less than the next. If 155=a and 
8=b, derive a formula for the total number of 
votes (s) in terms of a and b. 

19. If it takes Mortimer 20 minutes to walk 
the mile from his home to school, and if it take 
Bessie 15 minutes to talk the half-mile from her 
home to school, how long will it take for Mor- 
timer to get to school if he picks up Bessie half 
way from her home to school? 

20. The total cost (car expenses) of a 5-day 
trip from Kalamazoo to San Francisco was 
$52.50. If 2 quarts of oil were needed a day and 
the cost of gas per gallon is ¢ of the cost of a 
quart of oil, and if the number of gallons of gas 
used each day is equal to the number of 
cents which a quart of oil costs, how many 
gallons of gas were used on the trip? 


H. BuTLEeR 
Western Michigan College 
Kalamazoo, Michigan 


Lieut Locus 


Invariably the plane geometry class 
reaches the unit on locus. I begin to ex- 
plain, “Locus is the path a point traces as 
it moves...” I carefully look at the stu- 
dents, one by one, from the dullest to the 
brightest, only to be met with blank ex- 
pressions. Vapor trails left by jet planes, 
ski trails in the snow, the new-mown path 
of grass behind the mower, the water in the 
fountain, the tip of a moving propeller, 
fireworks, dotted lines in comic strips to 
indicate motion, and numerous other ex- 
amples are mentioned. A glimmer of recog- 
nition begins to appear on a face or two. 
At this point one of the students blurts 
out, “It’s always an imaginary line!” 


[December 


This year at this point, the class and I 
began looking for illustrations of locus. 
Many pictures were brought in. The most 
effective were the ones of patterns traced 
by lights on moving objects: the light pic- 
tures drawn by Pablo Picasso which ap- 
peared in Life; the intricate and beautiful 
patterns made by Skater Carol Lynne 
with flashlights on her toes and hands, 
which also appeared in Life; traffic pat- 
terns of lights at night; the air traffic pat- 
terns in busy city airports; tracer bullets; 
the patterns made by lights on twirling 
batons. One and one, the illustrations 
came: motion study made possible by time 
exposures, the effectiveness of springs in 
automobiles as they were driven over 
rough roads, and the use of lights to study 
the precision of the movements of ballet 
dancers. But all of these were light paths 
made and recorded by other people. 

Then one morning before eight o’clock 
in rushed David Au, an avid photography 
fan, with a copy of Modern Photography, 
November, 1949. On the cover were some 
unusual geometric curves. These were used 
to attract attention to the article, ““Pendu- 
lum Patterns,” page 70, by Donald Nus- 
baum. Together David and I read the 
article. The next morning David brought 
in some lovely pendulum patterns he had 
made with his camera and a flashlight. 
And these light paths were some that 
David, one of us, had made. 

To make pendulum patterns, a flash- 
light suspended from the ceiling is used 
as the pendulum. The camera is placed on 
the floor directly below the flashlight and 
is properly focused to bring the light 
source into focus. The light source must 
not be too large. David, in making his 
patterns, used two batteries with the bulb 
taped to them and a sheet of black paper 
behind the bulb to absorb the excess light. 
Tommy Taylor, another student, removed 
the lens of the flashlight and blacked the 
reflector with black shoe polish to prevent 
too great a dispersion of light. Another 
group simply took several thicknesses of 
black construction paper, cut a tiny hole 
in the center and put this over the lens. 
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Pendulum pattern made by David Au. 


In taking the picture, the lens of the cam- 
era was opened as wide as possible in 
most cases. After the flashlight settled 
into an even swing, the shutter of the 
camera was opened. The length of the ex- 
posure depended on the swinging of the 
pendulum. 

There is no limit to the variety of ef- 
fects possible. Double exposures produce 
interesting effects. A variation is to have 
the pendulum hang from a “Y”' instead 
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Pendulum pattern made by Cleon Bowers. 
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of a single string. The use of colored filters 
gives beautiful color patterns. 

Much ingenuity was shown by the 
pupils in working out their patterns. These 
were light paths which they themselves 
worked out. They saw the locus in the 
“making” and the camera did for them 
what they could not do—recorded the lo- 
cus. Always with amazement and wonder 
we viewed the “light locus’ —amazement 
at its beauty and wonder that we had 
“made”’ a locus. 

Howard Fisackerly recorded an excel- 
lent cycloid as a result of a problem in our 
text and of the incredulity of the students 
that such a path would be made by a point 
on the circumference of a circle as the cir- 
cle moved along a straight line. Other 
geometric curves could be made. In fact, 
the possibilities are endless. Pendulum 
patterns correlate with photography and 
physics and illustrate clearly the meaning 
of locus. The camera records the path the 
moving point traces as it follows certain 
conditions. No longer do students ask, 
“Ts it an imaginary line?’’ There recorded 
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in black and white or in color is the path 
on the film for the student to see. 
MARGARET SUMRALL 
Sunflower Junior College and 
Agricultural High School 
Moorhead, Mississippi 


MATHEMATICS CURRICULUM 
Strupy at ELGIN 


The Mathematics Curriculum Commit- 
tee in the Elgin, Illinois school system was 
organized three years ago in response to 
the teachers’ request for a better knowl- 
edge and understanding of the work of- 
fered at different grade levels than their 
own. 

With the realization that any good pro- 
gram in mathematics, with the emphasis 
on the progressive development of the 
child, must have a planned sequence begin- 
ning with the kindergarten and extending 
through the fourtcenth grade, a committee 
of nineteen members was formed These 
members were selected in such a way that 
all buildings and all grades were repre- 
sented by one or more members. This 
made it possible to keep each building in- 
formed on the work as it progressed. The 
Committee was headed by two co-chair- 
men, the head of the high school mathe- 
matics department, and a grade school 
principal. There were four subcommit- 
tees; primary, including kindergarten 
through third grade; intermediate, fourth 
through sixth grade; junior high, seventh 
through ninth grade; and senior high. 
Each subcommittee elected its own chair- 
man. 

The committee, believing that there 
must be (1) minimum essentials of mathe- 
matics necessary for responsible citizen- 
ship, (2) a sequential program for develop- 
ment and maintenance of skills, and (3) a 
provision for achieving functional com- 
petence in mathematics, had as its aim 
last year the examination of the expe- 
riences provided in mathematics at various 
grade levels, the placement of them in se- 
quential pattern, and the addition of 
teaching vehicles for many of these ex- 
periences. 


[December 


Upon examination of the past expe- 
riences, the conclusions of the committee 
were: 

1. Fewer broad topics should be at- 
tempted so that a greater degree of 
mastery might be attained. 

2. The program should be unified in 
order to avoid necessary repetition. 

3. Meaning and understanding of the 
arithmetical processes should be 
given by identifying the needs, ex- 
periences, and activities of boys and 
girls at various grade levels. 


Each subcommittee worked separately 
at first gathering suggestions and mate- 
rials from all teachers in the system. The 
subcommittees then came together and 
worked as an entire committee for unifi- 
cation of the program. Consultant service 
was secured from the Illinois Curriculum 
Program. This service proved helpful to 
the committee as it worked on specific 
problems. 

Last fall the committee placed in the 
hands of all teachers a tentative experi- 
mental, mimeographed outline (including 
teaching vehicles) of mathematics from 
the kindergarten through the ninth grade. 
It was suggested that the outline be fol- 
lowed this year, rather than any text, so as 
to discover in what areas the outline is 
workable and in what areas it needs fur- 
ther revision. The committee also asked 
that additional teaching vehicles be added 
as the teachers worked with their groups 
this year. Since there is no one perfect 
book available, the committee emphasized 
the importance of having available in 
each of the junior high school mathe- 
matics classrooms several sets of books to 
be used as texts. 

Since this type of classroom teaching 
requires many concrete manipulative ma- 
terials of all kinds and many resources in 
the classroom for the help of the students, 
the committee is now investigating new 
materials which will best fit the program 
as presented. 

The senior high committee has com- 
pleted the outline of courses offered and 
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is now in the process of including teaching 
vehicles. 

The fact that teachers of all grade levels 

have been willing and interested enough to 
sit around a table to discuss their common 
problems, and then attempt to do some- 
thing to improve them is one of the out- 
standing features of the mathematics 
curriculum work in the Elgin school sys- 
tem. 
From The Illinois Council of Teachers 
of Mathematics, May, 1952, by Hor- 
TENSE Witson, Co-Chairman of the 
Committee of Elgin Publie Schools, 
Klgin, Illinois 


A MATHEMATICS CURRICULUM 
For A SMALL ScHoou 


This diseussion deals specifically with 
the small high school with only one (and 
possibly only three-fifths of one) teacher 
in mathematics, with a crowded schedule, 
and with a small number of students. 

9th Grade. Klementary algebra of the 
“traditional” type or the “sequential” 
type is available each year. All students 
are required to take either this course or 
the general mathematics course. Only the 
above average students (generally speak- 
ing, over 100 IQ) are guided into this sub- 
ject and all of them are strongly advised 
to enroll. 

10th Grade. Plane geometry is taken by 
all those that have had algebra and wish 
to continue with their mathematics. 
Strong encouragement is given to all al- 
gebra students to go on in geometry. If 
the students terminate their mathematical 
study after only one year, they will prob- 
ably have a very distorted idea as to what 
mathematics is since they have not had 
an opportunity to see the geometric side 
of things. The rights of the individual 
must be respected, but every effort is 
made to keep people in at least the two- 
year program. 

9th and 10th Grade. For those who are 
average or below, a course in general 
mathematics is offered. This course, of- 
fered every other year to freshmen and 
sophomores, consists of a thorough estab- 


lishing or re-establishing of the funda- 
mentals of arithmetic, problem-solving, 
and various topics considered indispen- 
sable to living in the twentieth century. 
It is understood that this course is not a 
college preparatory course, with the pos- 
sible exceptions being taken up on an in- 
dividual basis. With this in mind, the 
teacher can offer better grades to add to 
the student encouragement program. 

11th and 12th Grade. Two different 
courses, neither a prerequisite for the 
other, are offered on an every other year 
basis to juniors and seniors. One of the 
year programs consists of a semester of 
algebra, including equations in one un- 
known of the first and second degree, ir- 
rational and imaginary numbers, expo- 
nents, logarithms, and ratio, proportion, 
and variation, and a semester of trigonom- 
etry. In the following year (which is the 
first year for some) material as suggested 
below is covered. 

A. Review of fundamental operations 

B. The coordinate system 

1. Before discussing slope, bring in sys- 
tems of equations, particularly graphi- 
cal solutions. 

2. Immediately after slope, bring in the 
distance formula, the equation of a 
circle, and intersections of lines and 
circles. 

C. Functional relationships 
D. Quadratic equations with two variables, 
stressing the graphical approach 
). Applications to conics 
F. Rates of change 
x. Mathematical induction 
H. Permutations, combinations, and prob- 
ability 
The binomial theorem 
Arithmetic and geometric series 
. The second part of this course is solid 
geometry including the analytic point of 
view. 


These courses, needless to say, would 
be for the esoteric few that care to go fur- 
ther in mathematics. Everyone who has 
completed the first two years of mathe- 
matics is encouraged to consider a career 
in science or mathematics and hence 
guided into the advanced courses. Not all 
of the students are so interested, unfor- 
tunately. 


(Continued on page 593) 
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REFERENCES FOR MATHEMATICS TEACHERS 


In THE 1923 Report on the Reorganiza- 
tion of Mathematics in Secondary Educa- 
tion, it was pointed out that in some 
states the preparation of high school math- 
ematics teachers was of such a low 
quality that the Committee judiciously 
refrained from giving the detailed data on 
those states. We have come a long way 
since then. Today, in general, secondary 
mathematics teachers are professionally 
and academically as well educated as 
teachers in any other field. 

In my Bibliography of Mathematical 
Education, a monograph published in 1941, 
but now out of print, there are listed some 
80 references on the preparation of mathe- 
matics teachers, covering the period 
roughly from 1920-1940. Some of these 
older papers are still worth rereading, no- 
tably those by W. C. Bagley, A. A. Ben- 
nett, W. Cairns, E. Moulton, W. D. 
Reeve, C. Richtmeyer, I. Turner, and 
F. L. Wren. Also still timely is the “Report 
on the Training of Teachers of Mathe- 
matics” in the American Mathematical 
Monthly for May 1935, vol. 42, pp. 263- 
277. 

In the last decade or so, conditions af- 
fecting teachers of mathematics have 
again been changing: the internal organi- 
zation of the high school, the status of 
teachers in general, the public attitude 
toward mathematics, the philosophy of 
teaching mathematics, new channels of 
in-service training, the increasing litera- 
ture of mathematics, expansion in the 
field of applied mathematics—to mention 
only outstanding factors. It should occa- 
sion no surprise, therefore, that there 
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Department of Education, Brooklyn College, Brooklyn, N.Y. 
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should appear a revival of interest in the 

preparation of teachers, as reflected by the 

recent Symposium on Teacher Education 
in Mathematics presented jointly by the 

Mathematical Association of America and 

the National Council of 

Mathematics at the University of Wiscon- 

sin at Madison in August, 1952. 

Among the significant trends in the edu- 
‘ation of mathematics teachers in recent 
years we may note the following: (1 
greater emphasis upon in-service training: 
(2) increased interest in mathematical 
workshops, institutes, ete.; (3) greater 
cooperation and mutual understanding 
between college teachers of mathematics 
and secondary teachers; (4) more atten- 
tion to “background materials” in mathe- 
matics; (5) greater familiarity with vari- 
ous areas of applied mathematics; and (6) 
some insistence upon actual work expe- 
rience involving the use of mathematics, 
such as in industry, surveying, engineering, 
insurance, business, accounting and the 
like. 

1. MarHeMatics TEACHERS 

Ayre, H. G. “Mathematics Teacher.’ Jilinois 
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What Is Going On? 


(Continued from page 589) 


The teaching schedule for the teacher 
using this curriculum plan would be as 
follows: 


First YEAR 


1. General mathematics 

2. Algebra 

3. Geometry 

1. Section I of sequence for 11th and 12th 
grade 

5. Sth grade (or other courses) 

SecoND YEAR 

1. Algebra 

2. Geometry 

3. Section II of sequence for 11th and 12th 
grade 

4. 8th grade (optional) 

5. Physics (optional) 


The main disadvantage here is that 
there is no continuity between the last two 
years of the sequential program. Also, 


some difficulty is encountered in schedul- 
ing all of these courses, particularly the 
two courses that take people from two 
classes. 

We find this plan helpful for the follow- 
ing reasons: 1) it meets the needs of all of 
the students in the high school, 2) it pro- 
vides a course for the most difficult indi- 
vidual to plan for in our school, the below 
average student, 3) it takes into consider- 
ation the teacher’s load, which while 
heavy, is no greater than it would be if 
carried under another plan, and 4) it 
makes teaching actually easier and more 
effective because the classes are relatively 
small and students are placed according to 
interests and abilities. 


GorpDon Mock 
Kirkland High School 
Kirkland, Ilinois 
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DEVICES FOR A MATHEMATICS LABORATORY 


Anyone who has a learning aid which he 
would like to share with fellow teachers is in- 
vited to send this department a description and 
drawing for publication. Or if that seems too 
time-consuming, simply pack up the device and 
mail it. We will be glad to originate the neces- 
sary drawings and write an appropriate descrip- 
tion. All devices submitted will be returned as 
soon as possible. Send all communications to 
Emil J. Berger, Monroe High School, St. Paul, 
Minnesota. 


FRACTION MULTIPLICATION CHART 

The fraction multiplication chart sug- 
gested here is a near relative of the multi- 
plication chart for integers with which the 
reader is undoubtedly familiar. 

The device consists of two parts—a 
chart completed as indicated in Figure 1 
and a square sheet of plastic with a small 
square painted in at one corner in some 
opaque color. 

The chart may be constructed on heavy 
tagboard or artists mounting board with 
black ink. The large square enclosed with- 
in the heavy black lines may be thought 


Edited by Emu J. BERGER 
Monroe High School, St. Paul, Minnesota 
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of as representing unity, and the fractions 
which are to be multiplied appear outside 
the margins of this large square along its 
left and bottom edges. Note that the hori- 
zontal and vertical lines are extended 
sufficiently far to separate the different 
marginal figures. 

Two lines are needed on the square 
plastic sheet. These may be scratched in 
the surface or painted on with’ black 
lacquer. Make them respectively paralle! 
to the top and right edges of the plastic 
sheet and at distances from these edges 
equal to the distances between adjacent 
horizontal or vertical lines on the chart. 
The little square outlined by the seratched 
lines and edges of the plastic sheet may be 
painted red for added effectiveness. 

Figure 1 illustrates how the device is 
used in locating the product of the two 
marginal fractions 7 and ?. The answer 
(=3) appears on the chart beneath the 
little red square. Note that if the large 
square included within the heavy lines 
represents unity then the rectangle out- 
lined by the upper and right edges of the 
plastic sheet and the left and bottom 
heavy black lines of the chart is a portion 
of unity—in this case }. This is precisely 
the product of 3X. The integers appear- 
ing along the left and lower edges are use- 
ful in helping students verify this fact 
and in locating the proper lines to keep 
in mind when operating the device. 

While the chart illustrated in Figure | 
involves only the multiplication of proper 
fractions whose common denominator }s 
12, it is perfectly possible to construct 
charts which will give the products o 
improper fractions whose common (e- 
nominator is also 12. This can be accon- 
plished by making the basic square 2 
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units on edge, or any higher multiple of 12. 
Charts involving other common denom- 
inators and decimal fractions may be con- 
structed in a similar way. 

By using a chart such as this one it is 
possible to bring home to the pupil quite 
graphically that the product of two proper 
fractions can never be as great as unity. 
When properly constructed and combined 
with appropriate techniques the chart 
makes instruction in multiplication of 
fractions self-teaching to a surprising de- 
gree. A little thought will show that the 
chart can also be used for drill work in 
division of fractions. 

Cox 
Canton Independent School 
Monmouth, Iowa 


A Locus Tracina DEVICE 


Nearly every student of plane geometry 
learns and accepts rather readily the fact 
that an angle inscribed in a semicircle 
is a right angle. Almost as many are able 
to discover that the locus of the vertices 
of all right angles whose sides pass through 
two fixed points is a circle with the seg- 
ment joining the two points as diameter. 

Actually the fact concerning the locus 
isa slight modification of a corollary based 
on the following general theorem: The 
locus of a point on one side of a given line 
segment at which this segment subtends a 
given angle is an are of a circle passing 
through the ends of the given segment.! 

Consideration of this theorem, possibly 
following the treatment of the two facts 
concerning the right angle noted above, 
will provide a nice opportunity for enrich- 
ment. The device suggested in this article 
will help illustrate the point of view. 

Materials needed to produce the device 
include the following: one piece of ply- 
wood 3”X20"X20", two round wooden 
dowels }” in diameter and 16” long, two 
small empty spools, one }” stove bolt ?” 


'The statement of the theorem is taken 
from the textbook, An Introduction to College 
Geometry, by E. H. Taylor, and G. C. Bartoo, 
Macmillan Company, New York, 1949. 
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long with a wing nut, two }” stove bolts 
&” long, and two washers for each of the 
three bolts. 

Preparation of the materials involves 
only a little work with a drill. Drill 4” 
holes in the plywood at A and B (Fig. 2). 
The distance between these two holes 


Fia. 2 


should be 12”. Drill a }” hole in each of the 
two dowels near one end so they may be 
joined together as at C in the diagram. 
Finally drill a 7°” hole in the side of 
each of the two spools just far enough to 
pierce the bore. 

To assemble the device begin by fasten- 
ing the spools to the plywood at A and B 
as indicated in the diagram. To fasten the 
spool at A slip a washer over one of the }” 
stove bolts and pass it through the ply- 
wood from the back side. Then turn the 
bolt into the +,” hole in the side of the 
spool with the aid of a screw driver. The 
spool at B is fastened in the same way. 
(Do not attempt to use wood screws; the 
threaded stove bolts work out much bet- 
ter.) Since the spools must rotate freely 
when the device is operated, be careful 
not to draw them down against the ply- 
wood too closely. 

Next join the dowels together with two 
small washers and the }” stove bolt and 
wing nut. A small 360° protractor may be 
constructed from cardboard and slipped 
between two washers just under the wing 
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nut if desired, but this is optional because 
angle ACB can always be measured with 
an ordinary 180° protractor when neces- 
sary. Finally pass the free ends of the 
dowels through the bores in the spools. 
Line AB may be painted on the plywood 
with lacquer. 

To fix the size of angle ACB it is only 
necessary to tighten the wing nut. When 
this is done an are of a circle can be traced 
out simply by moving the vertex C from 
left to right. Variations in the lengths of 
AC and BC needed for the different posi- 
tions of C will occur automatically as C is 
moved. 

The following set of exercises is offered 
by way of illustration to indicate how the 
device may be employed in the actual 
teaching situation. 


(1) Suppose one wishes to find the locus of 
points on one side of the line segment 
AB at which this segment subtends an 
angle of 70°. To find the locus fix angle 


ACB at 70° and trace out ACB by rotat- 
ing the vertex C from left to right. How 
many are degrees are there in this are? 


How can the circle, of which ACB gen- 

erated in the preceding example is a por- 

tion, be completed? The procedure is not 

difficult. Loosen the wing nut, pull the 

joined ends of the dowels up to C’, set 

the size of angle AC’B at 110°, and ro- 

tate the vertex C’ from left to right as 

before. How many are degrees are there 

in AC’B? 

(3) Find the locus of the vertices of all 70° 
angles whose sides pass through the 
points A and B. 

(4) Find the locus of the vertices of all 90° 
angles whose sides pass through the 
points A and B. What is the character of 
the segment AB in this case? 

(5) Suppose a line drawn horizontally across 
the board through A and B represents 
the shore line of a land area located 
above this line, and that A and B are 
lights on the shore. Suppose also that the 
area interior to the are (drawn with 
angle C fixed at 50°) and the shore line is 

an area of dangerous sailing. If a ship 

sails in the water (lower half of the 
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board) along a line parallel to the shore 
line, how large (or small) must the navi- 
gator keep the size of the angle at a hy- 
pothetical point C’’ in order to avoid 
danger? 

The foregoing list of examples is only 
suggestive. Once the teacher has the de- 
vice in his possession he will be able to see 
other possibilities for problem material. 
A note of concreteness may be added to 
tracing exercises by placing a sheet of 
paper over the plywood and using a pencil 
to record the movements of C and C’. 

The device can also be used to help ex- 
plain what is meant by a cyclic quadri- 
lateral. Place a piece of paper over the 
plywood, draw lines AC and CB, and re- 
cord the size of angle ACB. Then swing 
the joined ends of the dowels across AL 
up to C’, set angle AC’B equal to the sup- 
plement of angle ACB, and draw lines AC’ 
and C’B. The resulting quadrilatera! 
ACBC’ will be cyclic—that is, it can be 
inscribed in a circle. The cirele can be 
drawn with the device as previously ex- 
plained. 

Several ideas concerning the const ruc- 
tion of the device seem worth mentioning. 
Actually it is possible to produce a simil:! 
device entirely of MAKIT TOY. If thus 
suggestion is followed the plywood sheet 
can be dispensed with simply by substi- 
tuting a single long rod inserted in two 
wheels. Anyone familiar with this building 
set should have no difficulty in const ruct- 
ing the device by using only the materials 
that come with the set. (See “Models 

Made From Makit Toy,” Tue Marue- 
MATICS TEACHER; Vol. XLIV, pp. 246-247: 
April, 1951.) As another idea mount each 
spool on a rubber suction cup and suspend 
the spools and dowels from a blackboard. 


THE MATHEMATICS LABORATORY 
Monroe High School 
St. Paul, Minnesota 
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Two IMPORTANT meetings were spon- 
sored by The National Council of Teachers 
of Mathematics in August. In addition to 
the importance of regular meetings added 
significance can be attached to these two 
conferences because each of them was dif- 
ferent in several aspects from any pre- 
viously sponsored by our organization. 

A joint meeting of The National Coun- 
cil of Teachers of Mathematics and The 
New England Institute for Teachers of 
Mathematics was held on the campus of 
The Phillips Exeter Academy at Exeter, 
New Hampshire, August 21-28, 1952. 
This meeting was the twelfth summer 
meeting of the National Council, and the 
fourth summer Institute sponsored by The 
Association of Teachers of Mathematics 
of New England, an Affiliated Group of the 
National Council. 

The Exeter meeting was in a sense ex- 
perimental in that it was the first occasion 
in which a summer meeting of the Na- 
tional Council had been combined with 
one of the several successfully operating 
summer conferences in 
the area of mathematics education. It is 
my personal conclusion that this experi- 
ment was a complete success from the 
point of view of the National Council and 
I hope also from the point of view of those 
responsible for the New England Institute 
for whom of course I can not speak. 

The general spirit of the meeting was 
excellent and the attendance was prob- 
ably better than would have been true 
for either separate meeting. For those 
who would have attended only the summer 
Council meetings it was very fine to be 
able totake advantage of the longer period 
and program annually sponsored by the 
New England Association. Furthermore, 
the National Council welcomed this op- 
portunity to give complete endorsement 
to this summer institute of an Affiliated 
Group and to the general idea of one-week 
or two-weeks summer conferences. It is 


institutes and 
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my hope that in the future other insti- 
tutes and conferences will invite the Na- 
tional Council to join with them in a 
similarly planned joint program. 

Another element of uniqueness in this 
meeting is that it was the first meeting 
of the National Council held on the cam- 
pus of one of the many fine private second- 
ary schools. It does not seem to me that 
the facilities, the hospitality, and the effi- 
ciency of operation could ever be better 
than those provided by The Phillips 
Exeter Academy and the New England 
Association leaders. 

The other August meeting sponsored by 
the National Council was a Symposium 
on Teacher Education in Mathematics 
presented jointly by The Mathematical 
Association of America and The National 
Council of Teachers of Mathematics with 
the cooperation of the School of Eduea- 
tion of The University of Wisconsin, and 
held on the University campus in Madi- 
son, August 26-30. The purpose of the 
Symposium was to consider the college 
mathematics offerings for teachers of 
mathematics. This meeting was the first 
to be devoted to this problem, exclusively, 
and the first meeting sponsored jointly 
by these two organizations. The 150 par- 
ticipants included secondary school teach- 
ers, mathematics supervisors, school ad- 
ministrators, representatives of liberal 
arts and teachers colleges and leaders in 
mathematics research. It is probably the 
first time in American education that pro- 
fessional subject matter organizations 
have sponsored a conference for college 
teachers on content and methods of teach- 
ing in subject matter area at the college 
level. 

A more complete report and copies of 
Symposium recommendations and reports 
can be obtained by writing to the Director 
of the Symposium, Professor R. E. Langer, 
822 Miami Pass, Madison 5, Wisconsin. 

(Continued on page 599) 
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NOTES ON THE HISTORY OF MATHEMATICS 


Sir IsAac NEwron on “How a QuEs- 
TION May BE BROUGHT TO AN 
EQuATION’’* 

“After the Learner has been some time 
exercised in managing and transforming 
Equations, Order requires that he should 
try his Skill in bringing Questions to an 
Equation. And any Question being pro- 
posed, his Skill is particularly required to 
denote all its Conditions by so many 
Equations. To do which he must first con- 
sider whether the Propositions or Sen- 
tences in which it is expressed, be all of 
them fit to be denoted in Algebraick 
Terms, just as we express our Conceptions 
in Latin or Greek Characters. And if so, 
(as will happen in Questions conversant 
about Numbers or abstract Quantities) 
then let him give Names to both known 
and unknown Quantities, as far as occa- 
sion requires; and express the Sense of the 
Question in the Analytick Language, if I 
may so speak. And the Conditions thus 
translated to Algebraick Terms will give 
as many Equations as are necessary to 
solve it. 

“As if there are required three Numbers 
in continual Proportion, whose Sum is 20, 
and the Sum of their Squares 140; putting 
x, y, and z for the Names of the three 
Numbers sought, the Question will be 
translated out of the Verbal to the Sym- 
bolical Expression as follows: 


The Question in Words 
There are sought three Numbers on these Con- 
ditions: 
That they shall be continually proportional. 
That the Sum shall be 20. 
And the Sum of their Squares 140. 


Edited by VERA SANFORD 
State Teachers College, Oneonta, New York 


“And so the Question is brought to 
these Equations, viz. rz=yy, r+ y+2=20, 
and yy +22 = 140, by the Help whereof 
r, y, and z are to be found by the Rules 
delivered above.” 

[At this point the author shows how the 
problem may be solved more expeditiously 
by using the quantities z, y and yy/z.] 

“Take another Example. A certain Mer- 
chant encreases his Estate yearly by a 
third Part, abating 100 /. which he 
spends yearly in his Family; and after 
three Years, he finds his Estate doubled. 
Query, What was he worth? 

“To resolve this, you must know there 
are or lie hid several Propositions, which 
are all thus found out and laid down. 


(See Expression on next page) 


“Therefore the Question is brought to 
this Equation, (642—14800)/27=2r, by 
the Reduction whereof you are to find r. 
... ‘You see therefore, that to the Solu- 
tion of Questions which only regard Num- 
bers or the abstracted Relations of Quan- 
tities, there is scarce any Thing else 


* Isaac Newton, Universal Arithmetick, sec- 
ond English edition, London, 1728, pp. 67-70, 
79, and 80. In view of the last problem quoted 
in this excerpt, it is interesting to note that the 
lectures on algebra which constitute this vol- 
ume, were delivered in Cambridge in the 
Michaelmas term of 1685 at the time when New- 
ton was working on his Principia in which the 
laws of motion were formally stated. 


The same in Symbols 


2, ¥, a? 


z+yt+z=20. 
zz+yy+22 = 140 
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In English 
A Merchant has an Estate 


Out of which the first Year he expends 100 1. 


And augments the rest by one third 


And the second Year expends 100 1. 


And augments the rest by a third 
And so the third Year expends 100 J. 
And by the rest gains likewise one third Part— 


And he becomes at length twice as rich as at 
first. 


required than that the Problem be trans- 
lated out of the English, or any other 
Tongue it is proposed in, into the Alge- 
braical Language, that is, into Characters 
fit to denote Our Conceptions of the Rela- 
tions of Quantities. But it may sometimes 
happen, that the Language or the Words 
wherein the State of the Question is ex- 
pressed, may seem unfit to be turned into 
the Algebraical Language ; but making Use 
of a few Changes, and attending to the 
Sense, rather than the Sound of the Words, 
the Version will become easy. Thus the 
Forms of Speech among different Nations 
have their proper Idioms; which, where 
they happen, the Translation out of one 
into another is not to be made literally, 
but to be determined by the Sense.”’ 

At this point, Newton gives a number 
of verbal problems and their solutions, but 
having made his point about the repre- 
sentation in algebraic terms, he gives up 
the parallel column arrangement and 


NOTES ON THE HISTORY OF MATHEMATICS 


Algebraically 


xz—100 
—100 4x —400 
3 3 
4x —400 4x —700 
3 3 
4x—700 4x—700 162 —2800 
9 
16z —2800 16x —3700 
9 9 
16z—3700 16x—3700 642 — 14800 
9 as 
642 — 14800 
- —— =2z, 


27 


uses the more compact form “Let the 
least of the numbers be z.’’ The problems 
are concerned with the finding of two 
numbers given the sum of the numbers as 
a and the difference of their squares as b; 
several cases of the problem of pursuit; 
work problems; mixtures; specific gravity 
of a mixture, using Hiero’s crown as an 
example; a question involving the present 
value of an annual pension for five years; 
and two that are of especial interest the 
one for its novelty and the other for its 
connection with Newton’s Laws of Motion. 
These are: 

“If the Number of Oxen a eat up the 
Meadow 6b in the Time c; and the Number of 
Oxen d eat up as good a Piece of Pasture e in the 
Time f, and the Grass grows uniformly; to find 
how many Oxen will eat up the like Pasture g in 
the time h.” 

“Having given the Magnitudes and Motions 
of Spherical Bodies perfectly elastick, moving in 
the same right Line, and striking against one 


another, to determine their Motions after Re- 
flexion.” 


President's Page 
(Continued from page 597) 


In order to cover costs of preparation of 
the reports and mailing, a charge of one 
dollar is being made. 

At the closing session of the Symposium 
a request was made that the presidents of 
the Association and the Council take steps 
to make sure that the two groups continue 


the joint study of teacher education in 
mathematics so well started by the Sym- 
posium. While attention has been given 
to this problem in past committee reports 
and frequently at National Council meet- 
ings, future jointly organized considera- 
tion of the problem holds much promise 
for progress in mathematics education. 


Joun R. Mayor, President 
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MATHEMATICAL RECREATIONS 


Wiru rut advent of the holiday season 
the thoughts of many turn to the selec- 
tion, or, if it is possible, to the designing of 
interesting and ingenious messages of 
greetings. Generally, the prevailing idea 
that mathematical greeting cards are 
either dull or uninteresting is far from 
being correct. A mathematical greeting 
ecard may be as attractive as a reproduc- 
tion of a Currier and Ives or of a Grandma 
Moses painting. A mathematical greeting 
‘ard may be a means for some very inter- 
esting and instructive activities in a class- 
room. 

During the Medieval times, when medi- 
cal theory and practice concentrated on 
the employments of magical means for 
therapy, much emphasis was placed on the 
use of amulets. Such objects were worn by 
the afflicted as means for healing as well 
as for warding off “evil spirits.’’ One of 
such amulets was based on the magic 
word “Abracadabra.’”’ Nowadays, this 
same word is given a different connota- 
tion. It is associated with nonsense. How- 
ever, whether this word possessed some 
supernatural powers, or it was a means 
for earning a livelihood for some medical 
quacks, is immaterial. The mathematical 
properties of an amulet which was based 
on this word are very interesting and in- 
structive. Generally, this amulet was tri- 
angular in form as shown below. 
ABRACADABRA 

A BRACA DA BR 

A BRACADA B 
ABRACADA 
ABRACA D 
A BRACA 
A BRAC 
A BRA 
A BR 
A B 
A 


Edited by AAKON Bakst 
135-12 77th Avenue, Flushing 67, N.Y. 
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It will be noted that the word “Abraca- 
dabra”’ can be read in several different 
ways. The triangle contains 11 rows, each 
of them starting with the letter “A.” 
Thus, if we start with this letter, we can 
read the word in a certain number of ways. 
We may start with two letters, with three 
letters, and so on. The total number of 
ways the word “Abracadabra” can be 
read is 2'°= 1024. 

Suppose that we have the word 
“Teacher.” The “magic triangle’’ based 
on this word is 


TEACHER 
TEACHE 
TEACH 
TEAC 
TEA 


The number of ways the word “Teacher” 
can be read is 2°=64. 

Generally, the triangular writing of a 
word with n letters permits 2°~' different 
ways of reading that word. Thus, the 
greeting “‘Merry Xmas” may be written 
as 


MERRYXMAS 
MERRYXMA 

ME R RY XM 
ME RR Y X 
MERRY 
ME RR 

ME R 

M i 

M 


and this message can be read in 28=256 
different ways. 

The greeting “Merry Xmas”? may be 
also written in the rectangular form 
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MERRY X 
Kk RR YX M 
RRYX MA 
RY X MA 


The number of ways this message may be 
read in this case may be determined if we 
consider a simple analysis. Suppose that 
we have the word “Merry” and we write 
it as follows 


ME RR 
Y. 


This rectangular arrangement permits 
only four ways of reading the word 
“Merry.”’ The word “Teacher” may be 
written in rectangular form as 

T EACH 

EACHE 

ACHE R. 


Starting with the letter “T” in the first 
row, the word can be read in 5 different 
ways. Starting with two letters “Tk” in 
the first row, the word can be read in 
t different ways. Starting with three 
letters “THA” in the first row the word 
can be read in 3 different ways. This 
can be continued with four letters in the 
first row, and finally with five letters in the 
first row. Thus, the total number of ways 
the word “Teacher” can be read is 


5+44+342+4+1=15. 
Generally, for any three-rowed rectangle 


in which there are n letters in a row, the 
total number of ways of reading is 


n+(n—1)+(n—2)+ +2+1 
=}n(n—1). 
If we have a four-rowed rectangle with 
n letters in each row, then the total num- 
ber of ways of reading is 
+(n—2)(n—3)+ +3-242-1] 
=in(n+1)(n+2). 


The total number of possible readings for 
a five-rowed rectangle with n letters in 
each row is 
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gyn(n+1)(n+2)(n+3). 


Note that the coefficients of these formulas 
have denominators whose factors are: 


(1-2), (1-2-3), (1-2-3-4). 


Thus, if we generalize, we may write the 
formula for the total number of possible 
reading for an m-rowed rectangle with n 
letters in each row 


n(n+1)(n+2)(n+3) - (n+-m— 


1-2-3-4- 


Multiplying the numerator and denomi- 
nator by 


-(@—1) 


we obtain another form for the same 
formula 


[(1-2-3-4- 
-[1-2-3-4- -(m—1)] 


which may be written in factorial form as 


(n+m—1)! 


Thus the message “Merry Christmas” 
may be written as 


ME RR YCHR 
ERRYCHRI 
RRYCHRI 8 
RYCHRI 8S T 
YC HRIS TM 
CHRIS TMA 
HRIS TMAS 
RIS TMAS ! 


and it can be read in 
1-2-3-4-5-6-7)(1-2-3-4-5-6-7) 
= 17,160 different ways. 


Problems of this type are suitable for 
recreational material in intermediate alge- 
bra in connection with the topic on arith- 
metic progressions. 
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Edited by 8. JONES 
University of Michigan, Ann Arbor, Michigan 


62. A Method of Constructing a Triangle 
When the Three Medians are Given 

College geometry texts commonly give 
two methods for constructing a triangle 
when the three medians are given. One 
method makes use of the whole median to 
fix an auxiliary triangle; the other uses 
two-thirds of each median for the auxil- 
iary triangle. Both of these methods are 
given in Nathan Altshiller-Court’s College 
Geometry, section 76, page 79. 

The method which follows makes use of 
one-third of each median for the auxiliary 
triangle, and is the method by which I first 
solved the problem. Later I found the 
other two constructions given in texts, but 
have not seen this one in print. With a 
little planned introductory work the bet- 
ter high school students can be led to dis- 
cover this method. In my classes in col- 
lege geometry when the members of the 
class have mastered the two methods in 
the Altshiller-Court text, I suggest that 
they try the construction using one-third 
of each median. This requires their making 
an original analysis of the problem. 

If a choice of method is given on a test, 
almost without exception my students use 
thirds of the medians. From this I conclude 
it must be the easiest, so I submit it in the 
hope that the simple construction may 
prove useful to other geometry teachers in 
high school or college. 
Anatysis: Let us suppose we have the 
problem solved. We, therefore, have the 
completed triangle ABC (Figure 1) with 
the medians AA’, BB’, and CC’ meeting 
at G so that GA’:GA:AA’=1:2:3, GB’: 
GB:BB’ =1:2:3,andGC’:GC:CC’ =1:2:3. 
Suppose D is taken as the midpoint of 
GC. Draw A’D. Consider triangle BGC. 

A'D=i1BG, BG=%BB’, A'D=}3BB’, 


1 


GD=}GC =31CC’, GA’ =4AA’. Hence, tri- 
angle GA‘D is fixed since its sides are equal 
respectively to 444’, 4BB’ and 
Consequently, the points C and C’, and 
A and A’ are determined. AC’ and CA’ 
meet at B, hence ABC is determined. 
ConstrucTION: Given the three medians 
Ma, My, M., construct triangle ABC. Divide 
each of the medians into three equal parts, 
by the usual construction. Draw AA’ 
=m,. From A’ locate G so that A’G = 4m,. 
With G as center draw an arc of a circle 
with radius equal to 4m-.; with A’ as center 
draw are of circle with radius equal to 
4m. Let the two ares intersect at D. 
Draw GD and extend through G and 
through D so that C’/G=CD=GD., Draw 
AC’ and CA’ until they intersect at B. 
Draw AC. ABC is the desired triangle. 
Proor: Consider triangles GC’A’and GCA. 
3 
—= =— by construction, 
GC GA 2 


ZA'GC’ =ZAGC since vertical angles are 
equal. Hence AGC’A’~ AGCA. 

Hence, A’C’/AC=}, and ZGAB' 
=GA’'C’. Thus A’C’||AC, and ABC’A' 
~ ABCA. This implies that 

BA’ BC’ AC” 


=—) 


BD BA AC 2 


602 


su 
th 
St 
qu 
tir 
ste 
ext 
qu 
| 
col 
str 
the 
be 
pla: 
the 
the: 
the 
also 
The 
boa 
to si 
C 
clas: 
quir 
Besi 
I us 
spon 
figur 
ing © 


pel TQ 


‘ 

4 

BY t] 

B m 

at | 


| 


, tri- 
qual 
and 


CA’ 


lians 
vide 
arts, 
AA’ 
4ma. 
“ircle 
enter 
nl to 
t D. 
and 
Jraw 
it B. 


ICA. 


are 


FAB’ 
BC’ A’ 


MATHEMATICAL MISCELLANEA 603 


and it follows that A’ and C’ are the mid- 
points of BC and BA respectively. AA’ 
and CC’ are then medians of AABC. 

The line BGB’ is then the median upon 
AC since the medians of a triangle are 
concurrent. 

Consider triangle BGC. D and A’ are 
the midpoints of GC and BC by construe- 
tion and by definition of a median re- 
spectively, and BG =2A’'D. 

But, A’D=4mp). by construction, and 
thus BG =2m,=?2BB’, or BB’=m,. Also 
CC’=m-., and AA’=m, by construction. 

Therefore the medians of triangle ABC 
equal respectively the given medians ma, 
Ms, Me> and our construction is proved. 

The construction is possible when the 

sum of any two medians is greater than 
the third. 
SuGGestTions: If the students have ac- 
quired facility in trisecting a line, it saves 
time to give one-third of each median in- 
stead of the whole medians. A line can be 
extended to three times its length more 
quickly than it can be trisected. 

I find it very helpful to use different 
colors to indicate the given parts in con- 
struction problems. The parts used in con- 
struction are colored in the same way on 
the completed work. The work can thus 
be followed more readily and less oral ex- 
planation is required. When students color 
their construction it facilitates checking 
their work, since one can see at a glance 
the method employed. The use of color 
also adds to the attractiveness of the paper. 
The best papers are posted on the bulletin- 
board. This serves as a stimulus to others 
to strive for neatness and accuracy. 

Colored chalk is a must on my list of 
class room supplies. Each student is re- 
quired to have a box of colored pencils. 
Besides using color for construction work 
I use it in demonstration to mark corre- 
sponding parts in similar and congruent 
figures. The pupils find it useful in analyz- 
ing originals in these units. 

Sister Mary Constanta, 8, C. L 

The Saint Mary College 

Xavier (Leavenworth Co.), Kansas 


63. A Further Note on Nedians 


In a communication to THe MaTue- 
MATICS TEACHER in the issue of January 
1951 I drew attention to some of the prop- 
erties of the nedians! of a plane triangle. 

The nedians may be defined as the 
straight lines which are drawn from the 
vertices A, B, C of a AABC (Fig. 2) to 


Fic. 2 


points D’, £’, F’ in the sides BC, CA, AB 
respectively which divide these sides in 
the ratio 

BD’ CE’ AF’ 


BC CA AB 
The lengths of these nedians are denoted 
by mi, M2, m3 and it is easy to show by the 
use of Stewart’s Theorem that 
N?-N+1 
(a?+b?+c?). 


(1) n+n?+n;? = 


The medians AD, BE, CF drawn from 
A, B, C to the midpoints D, E, F of BC, 
CA, AB respectively (Fig 3.) are a special 
case of the nedians and are obtained by 
putting V =2 in the formula above. Hence, 
if m1, m2, m; are the lengths of the medians: 


(2) 


a well-known expression. 
The intersecting nedians form a tri- 


‘ T coined the word nedians. Hence I prefer it 
to the alternatives. 

Editor’s note: Professor Satterly touched off a 
series of notes on nedians, redians, cevians with 
a note in THe Matnematics Teacner, XLIV 
(Jan., 1951), p. 46 ff. Further discussion ap- 
peared in the same volume (May 1951), p. 310 
ff.; (Nov. 1951), p. 496 ff.; (Dec. 1951), p. 559 
ff., and in volume XLV (Jan. 1952), p. 44 ff. 
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angle A’B’C’ which I called the Nedian 
triangle. Its area may be obtained by using 
coordinate geometry having first found 
the equations of the nedians. The relation 


is! 
: Area of the nedian triangle 
(3 
(N —2)? 
= —————- (area of the triangle ABC). 
N?—-N+1 


Also once the coordinates of the vertices 
of the nedian triangle have been found it 
is easy to show that the centroid of the 
nedian triangle is coincident with the cen- 
troid of the triangle ABC. These last two 
theorems may be found in some text books 
and in such collections as Alliston’s Math- 
ematical Snack Bar. 

Lately my attention was called to the 
triangle formed by taking the medians as 
sides. An example in Hobson’s Trigonom- 
etry stated that this area, which may, of 
course, be expressed as 


|"? 
(4 
= 3(Area of AABC) 
where 2¢=m,+7m.+m;. The factor ? is 
equal to (V?—N-+1)/N? when N =2, and 
starting from this I wondered whether the 
triangle formed by taking the nedians as 
sides which of course, is expressed by 


where 20;=7:+n2+7; could be expressed 
as 


2 Norman Alliston, A Mathematical Snack 
Bar. (W. Heffer and Sons Ltd., 1936) p. 11 ff. 


[December 


N?—-N+1 \ BC 

(6) xX (Area of the AABC). 

| found this to be true and it constitutes a 
very pretty theorem. 

During this work I found and used dia- 
grams which I had not seen before. It is 
well known that the medians divide the 
AABC into six equal areas, also that if 
(Fig. 3) BK, CK are drawn parallel to 
CF, BE respectively, they meet on AGD 
produced and 


(7) Area of AGAKC=4(Area of AABC). 


Now GK=(2/3)m, KC=(2/3)m, CG 
= (2/3)m;. Thus 


20/20 2m, 
(Area of AGAC) = ( oa ) 
3 \3 3 
| 


Formula (4) now follows from (7) and (8). 

Another way of getting the same resul! 
is to note that if we take the triangle ABC 
with its medians (Fig. 3) and draw E// 
parallel to BC and make it of length BD 
and then join HA, we find HA to be equa! 
and parallel to CF. Thus AADH is the 
triangle formed by taking the medians as 
sides. Using coordinate geometry we get 
the coordinates of A, D, and H, and the 
area comes out as above by the usual 
formula. 

The same method may be used with the 
nedians as shown in Figure 2. Draw D’K 
||BE’ to meet E’K drawn ||BC at K. 
Join KA. The sides of the triangle AD'K 
are the nedians ne, and having got- 
ten the coordinates of the vertices A, 1’, 
K the area of the triangle AD’K is soon 
found and we have the new theorem: [/ 
My, N2, M3 are the nedians of a AABC the 
area of the triangle formed by taking the 
nedians as sides is (N?—N+1)/N?. (Area 
of the AABC.) 

Perhaps our readers will tell us if my 
theorem is new. One often “discovers” 
new theorems and then finds them tucked 
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x+b 
x+b x8 + 5 x-8 x® = 5 


Fig. 4 


away in some textbook of ancient vintage. 
JOHN SATTERLY 
University of Toronto 
Toronto, Canada 


A Historic Problem 


A scientific tournament was staged on 
the oceasion of the presentation of the 
famous mathematician LEONARDO OF PIsA 
or Frronacci 1170-¢. 1250) to Km- 
peror Frederick II of Hohenstaufen. John 
of Palermo, an imperial notary, proposed 
several problems to Leonardo. One of 
these was to find a number, x, such that 
and are both perfect squares.’ 

Leonardo worked the problem by build- 
ing squares by the summation of odd num- 
bers, a method original with him although 
the problem had been solved earlier by 
Arabic mathematicians. Several years 
ago, I hit upon the following solution by 
employing a Diophantine process. 

Let x=the number 

x+b=side of the square whose area is 

2?+5 (Fig. 4), and 

x—a=side of the square whose area is 


— 
then: 
(2+b)?=22+5 
2b2+b?=2°+5 
* Florian Cajori, A History of Mathematics. 


1938), 


(New York: The Macmillan Company, 
p. 124. 


and 
(r—a)?=2?—5 
—2ar+a=2°- 
(2) 
2a 


Equating (1) and (2), and solving for 4, 
we have 


a—b 


2 
5a — al? =5b+a°b 
ab?+b(5+ a") =5a 


h 
b?+— (5+a’) =5 
a 


l 
(5+a*) (5+<a’)’ 
a 2 
=3d+—- (5+a’)? 
4a* 
30a? + 25 
sta | 
2a 2a 


The b we seek is a positive rational num- 
ber. 6 will be rational if we can find a 
value for a which will clear the radical. 
By trial or solving, we find a to be 6 or 0. 
We reject 0 since it would be used as a 
divisor in solving for b. Using 6, the radical 
clears and becomes 49. Substituting 6 in 
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equation (2), we have 


Sta? 41 


2a 2 1: 


bo 


Lr. Cou. Ropert A. Lairp, Ret’d. 
Corps of Engineers, U.S.A. 
New Orleans, Louisiana 


65. The Treatment of Some Common Dif- 
ficulties 

Tue “UNDERSTOOD” 1: In arithmetic 

emphasis upon the fact that any integer 
is equivalent to a fraction with the integer 
in the numerator and | in the denominator 
will help substitute understanding for 
standard difficulties. Likewise in algebra 
many students fail to realize that the 
exponent in q antities such as 2, y, 5, 
ete., is understood to be 1. Actually writ- 
ing the 1 in cases involving exponents and 
logarithms is helpful. Thus, the student 
‘an see that x'- xz? just as he can under- 
stand that 2?-25=27. In calculus, the dif- 
ferentiation of an expression such as 42 
is made clearer by thinking of 4z', and 
then applying the general rule: 1-42", 
or finally 4x° or 4. It should also be em- 
phasized that 1 is “understood” as a 
coefficient in such expressions as 2, y’, 2. 
Actually writing the 1 a few times in the 
early stages of teaching operations with 
literal numbers is a helpful device. 

ZERO EXPONENTS AND COEFFICIENTS: 
Actually writing zero exponents and co- 
efficients is helpful in teaching long divi- 
sion with polynomials, and in showing 
series of ascending and descending powers. 
Thus, dividing a’—l? by a—b may be 
made clearer by writing the dividend as 
a*—Oa*h —Oab?—b*. We really have added 
nothing, but this device makes the work 
easier. Greater understanding is obtained 
by writing the dividend as a*hb®°—Qa’b! 
—0a'b?—a%b®, which shows the system- 
atic and orderly changing of the exponents. 
After the division procedure is under- 
stood, the student may omit the writing 
of the terms amounting to 0, but he will 
then understand why spaces should be 
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allowed in the dividend for the missing 
terms. 

THE SIGNIFICANCE OF THE NUMBER ¢: 
Students in calculus will find that drawing 
the graph of y =e? will enable them to see 
that the derivative of this function is 
also e?. Actual measurement and compu- 
tation of the slope of tangents drawn to 
the curve at several points will furnish 
visible and numerical evidence that the 
derivative is actually e* or the y-value of 
the function at the point of tangency. 
Drawing the graphs of y = y =sin2r 
will likewise convince students that 
the derivatives of these functions are re- 
spectively 1/2e'* and 2 cos 2r. By con- 
structing the graph of y=log,, a student 
‘an see that the derivative of this function 
is (1/xr)dx, and conversely, that the inte- 
gral of dz is log plus a constant. In fact, 
graphical and numerical procedures of this 
sort not only add to the understanding of 
the particular topic, but also re-emphasize 
some of the basic principles inherent in all 
differentiation and integration procedures 
as well as suggesting the graphical and 
numerical procedures which, in more 
elaborate form, are so important in ap- 
plied mathematics. 

The fact that the derivative of an ex- 
ponential function is proportional to the 
function itself is a restatement of the first 
sentence above which should be formu- 
lated with students and then written as 
the differential equation y’=ky which in 
turn should be associated with several 
of its many important physical interpre- 
tations such as the variation of atmos- 
pheric pressure with altitude (or pressure 
on the ears with the depth at which one 
swims in the pool), growth, and decay. 

From the graph, however, much of this 
function’s behavior and its connection 
with physical situations may be pointed 
out to and understood by secondary school 
as well as college students without the 
terminology and notation of the calculus. 

H. Scuurrer, Principal 
Delano Elementary School 
Chicago 24, Illinois 
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APPLICATIONS 


Edited by SHELDON 8S. Myers 
Department of Education, Ohio State University, Columbus, Ohio 


Ar. 20 Gr. 8-12 A Water Main Breaks 
Under Test Pressure 

The following item is quoted by per- 
mission of the City Editor from the Au- 
gust 16 issue of the Columbus Dispatch. 

City workman resumed pressure testing of the 
new $1,000,000 North Side force main Friday 
after replacement of an 18-foot faulty section 
which blasted open Thursday under 150 pounds 
per square inch pressure. 

Shop Superintendent John Cook of the Di- 
vision of Water said the job was completed 
within six hours after the blast, which threw 
water and chunks of dirt some 40 feet. It ripped 
open a section of the 20-inch, } inch thick main 
just south of W. North Broadway along the 
west side of the Olentangy River Road. 

The explosion occurred at 2 P.M. as engineers 
were running a pressure test from Lane Avenue 
at the River Road. Leo Dallas, Job foreman, 
said the line held the 150-pound pressure for 
about 15 minutes. 


‘Then she let go,’”’ Dallas said. ‘‘We knew it 
right away. It showed on the gauges.” 

After reading the above item, I began 
wondering what the total force had been 
on the inner surface of the 18-foot section, 
with 20-inch internal diameter, and 150 
pounds per square inch. The problem 
makes an ideal application of arithmetic 
for students in grades 8 through 12. 

The problem involves finding the num- 
ber of square inches of lateral area of a 
cylinder and then multiplication by the 
number of pounds on each square inch. 
Following are the calculations. 

Lateral area = 207 X18 X12 

Total force in pounds X18 X12 
150 

Total force in pounds = 2,030,000 

In tons this comes to over one thousand. 
An amazing thing about the whole prob- 
lem is that one man could impose this 
gigantic force on the main, providing the 
main was completely filled with water and 


a quarter or half square inch plunger used. 
This is because of a well known principal 
of hydraulics, Pascal’s Law, which states 
that pressure applied to any portion of a. 
confined liquid is transmitted undimin- 
ished to all portions of the liquid. 


P.G. 11 Gr. 10-11 Cake Teing 


KENNETH SWALLOw, who a short time 
ago privately published a geometry work- 
book containing flexible cardboard devices 
for the experimental discovery of theo- 
rems, suggested the following interesting 
problem concerning the cutting of cake in 
the Ohio Union cafeteria. It seems that 
‘ake in the form of a rectangular solid 
with a square perimeter is heavily iced 
and served in slices as one of a number of 
desserts in the Union cafeteria. The slicers, 
being oblivious to the exigencies of Euclid, 
usually employ parallel cuts from one end 
to the other, thus creating two slices with 
an inordinately large amount of icing on 
their sides. This causes hungry cake- 
minded students to vie for the coveted 
pieces. 

The problem posed by Mr. Swallow is 
simply this: How may the cake be easily 
cut, assuming no thickness to the icing, 
so that each piece will have an equal 
amount of both cake and icing? 

I plan to diagram and explain the solu- 
tion in the February, 1953 department. 


Ar. 21 Gr. 7-12 Jet-Age Mathematical 
Terms 


With the advent of the air-age and more 
recently the jet-age it behooves mathe- 
matics teachers to keep abreast of new 
terminology which can best be defined 
mathematically. Following is a list of 
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some of these terms. With our American 
children already diligently exploring outer 
space well ahead of the armed forces, the 
clarification of these terms in school is 
timely and self-motivated. 

Speed in Mach numbers or ratios 

Surface friction 

Trajectory 

Collision course 

Pressurized cabin 

Lift 

Thrust 

Drag 

B.t.u., Calorie 

Wing load 

Orbit 

Engine efficiency 

Momentum 

Dihedral angle of wings 

Sweep back 

Triangle design 

Aspect ratio 

Angle of attack 

Radius of action 

Center of gravity, Centroid 

Turning radius 

Sidereal time 

Light year 

Angstrom unit 

Elliptical 

Rate of climb 

Inertia 
Ar. 22 Gr. 6-9 Fractions and Basketball 


Scores 

A person interested in basketball once 
said that the difference between the points 
earned by a field goal and a foul shot 
ought not to be so great. He proposed that 
each field goal should count 1} points 
and each foul shot should count 1% points. 
On January 10, 1949, Ohio State lost a 
close game with Illinois. Below is the box 
score of this game. What would be the 
individual and total scores of the game 
with the above method of scoring? Would 
this change the final outcome? Do you 
think the new method of scoring is better? 
TP TP (New 


= 


Oun1o State FG F System) 
Donham, f 4 5 3 #13 
Schnittker, f 8 4 6 5 20 
Jacobs, f 0 6 
Raidiger, c 7 #3 1 4 17 
Giacomelli,c 0 0 1 2 O 
Brown, g 2 4 0 4 5 
Burkholder,g 3 2 2 4 8 

Totals 24 15 15 22 63 


[December 


TP (New 


ILLINOIS FG F MF PF TP System) 
Eddleman, f 2 5 10 
Foley, f 0 0 
Marks, f | 0 2 a 3 
Anderson, f 1 0 0 1 2 
Osterkorn, ¢ 7 #4 3 4 18 
Green, ¢ 5 2 0 3 12 
Sunderlage, g 2 0 4 4 
Thurlby, g 4 4 


Erickson, g 


Totals 25 14 13 26 64 


The abbreviations above each column are as 
follows: FG—Field Goals, F—Foul Shots Made, 
MF— Missed Fouls, PF—Personal Fouls, TP 
Total Points. 

You are to fill in the column marked 
TP (New System). 


Ar. 23 Gr. 5-8 “‘Sleepers”’ 

Too often pupils begin to operate at 
the mere sight of data without thinking 
about the problem. I have successfully 
alerted pupils to the need for preliminary 
reflection by inserting in a group of ortho- 
dox problems one of the following so-called 
“sleepers.’’ While I do not believe in ridi- 
cule, the humor of missing a “sleeper’’ 
serves to make the point subtly and harm- 
lessly. 

1. If one broad jumper can jump a ditch 6 
feet wide, how wide a ditch can seven 
broad jumpers jump? 

2. If the speed limit is 30 miles per hour on 
route 20, what is the speed limit on route 
40? 

3. If Henry I had 3 wives, how many wives 
did Henry VIII have? 

4. If a broad jumper can jump 14 feet afte: 
running 30 feet, how far could he jump 
after running 60 feet? 

5. A rooster weighs 5} pounds while stand- 
ing with both feet on a scale platform. 
How much would the rooster weigh if he 
stood with only one foot on the scale plat- 
form and the other tucked under his wing? 


Al. 17 Gr. 11-12 Use of Proportions in 
Chemistry 

One of the most important applications 
of proportions occurs in chemistry when 
the weight of one reacting substance is cal- 
culated from the known weights of other 
substances in the reaction. These calcu- 
lations are known as “stoichiometric 
calculations’ and provide the basis of 
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quantitative analysis. 
typical problem: 

The equipment in the lime-soda ash 
method of making caustic soda in a cer- 
tain factory can handle only one hundred 
pounds of raw material at a time. How 
many pounds of lime and how many 
pounds of soda ash must be used, and how 
many pounds of caustic soda (lye) are 
produced? 

The first task is to write and balance the 
equation for the reaction: 


Following is a 


soda ash +lime yields calcium carbonate + lye 
Na,CO3;+ 
106 74 80 


The formula weights are written under 
each ingredient above. These formula 
weights are equal to the molecular weights 
of each compound times the number in 
front of the compound needed to balance 
the equation. The molecular weights are 
found by adding the atomic weights within 
each compound. For example, the formula 
weight, 80, for lve is found by adding the 
atomic weights of sodium, oxygen, and 
hydrogen: 23+16+1=40. The molecular 
weight of lye is 40. The formula weight is 
obtained by doubling this, since two mole- 
cules are involved in the balanced formula. 

The solution of the problem hinges on 
the chemical principle that the weights 
of the reacting substances have the same 
ratio as the formula weights of these sub- 
stances. Following is the algebraic solu- 
tion: 

Let x= weight in pounds of soda ash. 
Then 100—x=weight in pounds of the 
lime. 
By the above principle: 

x LO6 

100—x 74 
x=59 pounds of soda ash 
100—2z=41 pounds of lime. 


APPLICATIONS 


Another proportion determines the 
amount of lye produced, assuming one 
hundred per cent yield. 

Let xs=amount of lye produced in 
pounds 


x 80 


59 106 


x=45 pounds of lye. 


Al. 18 Gr. 9-12 School Problems un Algebra 


Let us face it. Most of our algebra verbal 
problems are deadening. Why not occa- 
sionally give some problems of the follow- 
ing type? 

. Gay had 5 minutes available between 
class bells. She used the time as follows: 
s seconds to leave the classroom; twice «as 
many seconds to greet a friend; 4 times as 
much to make a date with a ?; s seconds 
to walk to her locker; a trip to the central 
office and back to the door of her next 
class required twice as much time as the 
time with the ?; she walked into the 
classroom and sat down in 4s seconds 
ready for instruction. How many seconds 
did she use for each part of her busy 5 
minutes? 

2. Jerry went to a 60 minute study hall with 
his science and English books. He man- 
aged to devote 4 as much time to the 
study of English as to the study of science. 
How much time did he devote to each? 

3. Phil wanted to build a bookcase. He asked 
for an estimate of the items for building 
it. His approximate information ran as 
follows: 

lumber—the biggest item of expense 
nails—about 1/20 of the lumber 
glue—about 1/40 of the lumber 
paint—about 1/10 of the lumber 

If the bookcase would cost about $9.40 

about how much is the cost of each item? 

4. On Monday, November 17, the school 
health office reported a minimum number 

of students with colds. The next day the 

number of colds had doubled. On No- 
vember 19, the number was the same as 
on November 18. On November 20, the 
cases of colds had trebled over November 

17. November 21 was the same as No- 

vember 20. The total cases for the week 

were 99. How many colds were there on 
each day? 


“Mathematics involves the development of the most precise, most sustained, most closely knit 


set of habits.’’ 


—Henry Link, The Return to Religion. Macmillan, 1937, p. 153. 
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V.-Pres.—George N. Ramage, Linden Junior 
High School, Linden 

V.-Pres—May J. Kelly, Brighton Avenue 
Elementary School, Atlantic City 

V.-Pres.—Ellis R. Ott, University College, 
Rutgers University, New Brunswick 

Secy.-Treas.—Mary C. Rogers, Roosevelt 
Junior High School, Westfield 

Corr. Secy.—Edith Day, Teaneck High 
School, Teaneck 

Rec. Secy.—Gladys Estabrook, Cranford 


High School, Cranford 


Iiditor—Madeline D. Messner, Abraham 
Clark High School, Roselle 
Business Mgr.—John K. Reckzeh, State 


Teachers College, Jersey City 

Adv. Mgr.—Max A. Sobel, Robert Treat 
Junior High School, Newark 

Mathematics Section of the New Mexico Edu- 
cation Association 

Pres.—Olive Whitehill, Deming 

V.-Pres.— Mrs. Geneva Pennington, Raton 

Secy.-Treas.—Mrs. J. B. Wells, Deming 

Reporter—Max Kramer, State College 

Nassau County Mathematics Teachers Associ- 
ation (New York) 

Pres.—Barbara E. Mineola 
School, Mineola 

\V.-Pres.—Charles McNally, Port Washington 
High School, Port Washington 

Secy.-Treas.—Ida M. Pettit, 
Junior High School, Oceanside 

Suffolk County Mathematics Teachers Associa- 
tion (New York) 

Pres.—Edmund Miles, 
Amityville 

V.-Pres.—Mrs. Florence Gehoke, 31 Simon 
St., Babylon 

Secy.-Treas.— Walter Holly 
Ave., Mineola 

Association of Teachers of Mathematics of New 
York City 

Pres.—Elizabeth Sibley, Thomas 
High School, Brooklyn 7 

V.-Pres. (Acad. H. S8.)—Mrs. Eloise Bakst, 
Jamaica High School, Queens. 

V.-Pres. (Voc. H. 8S.) —Harry Ruderman, Man- 
hattan High School of Aviation Trades, 
New York 

V.-Pres. (Jr. H. S.)—Morris Smith, Junior 
High School 148, Brooklyn 

Rec. Secy.—Mrs. Ruth Ruderman, George 
Washington High School, New York 

Corr. Secy.—Abraham Kadish, Central High 
School of Needle Trades, New York 

Treas.—Saul Landau, James Monroe High 
School, Bronx 


Hobbs, High 
Oceanside 


10 Austin Avenue, 


Anderson, 44 


Jefferson 


Department of Mathematics of the North 
Carolina Education Association 
Pres.—Paul M. Murphy, David ‘\‘:i'ard 


School, Asheville 
V.-Pres.— Mildred Hutchinson, Gillespie Park 
School, Greensboro 
Secy.—Mrs. Louise Bryson, Lee Edwards 
High School, Asheville 
Ohio Council of Teachers of Mathematics 
Pres.—H. C. Christofferson, Miami 
versity, Oxford 
1st V.-Pres.— Mildred Keiffer, Board of Edu- 
cation, Cincinnati 
2nd V.-Pres.—Sister Mary De Sales, 46 
Birkhead Toledo 


Uni- 


THE MATHEMATICS TEACHER 


[December 


3rd_ V.-Pres.—Oscar Schaaf, Ohio State Uni- 
versity, Columbus 
Secy.-Treas.— William 
land St., Columbus 
Mathematics Club of Greater Cincinnati 
Pres.—James K. Koger, Hamilton 
School, Hamilton 
V.-Pres.—Robert C. Howe, Reading High 
School, Reading 
Secy.—Dorothy M. Beaver, Bloom Junior 
High School, Cincinnati 14 
Treas.—Eleanor J. Graham, Withrow High 
School, Cincinnati 8 
Sr. H. S. Rep.—Ruth A. Austin, Hughes 
High School, Cincinnati 19 
Jr. H. S. Rep.—Mrs. Dorothea L. Edge- 
worth, Western Hills H.S., Cincinnati 
Greater Cleveland Mathematics Club 
Pres.—Isaac Eisenstein, Rawlings 
High School, Cleveland 
V.-Pres.—M. D. Philips, Cleveland Heights 
High School, Cleveland Heights 
Secy.—Alice Swain, East H.S., Cleveland 
Treas.—Mrs. Charles E. O'Kelly, John 
Adams High School, Cleveland 
Oklahoma Council of Teachers of Mathematics 
Pres.—Mrs. Velma FE. Felkner, Norman 
Junior High School, Norman 
V.-Pres.— Mrs. Eva Jo Minter, Navy Ele- 
mentary School, Norman 
Secy.—Josephine Plunkett, Ponea City Jun- 
ior High School, Ponca City 
Treas.—Etoile Wright, Public Schools, Tulsa 
Mathematics Council of Oklahoma City 
Pres.—Virginia C. Shike, Jackson Jr. H.S. 
V.-Pres.— Myrtle Ebling, Franklin Jr. H.S. 
Secy.— Della Roberts, Roosevelt Jr. H.S. 
Tulsa Mathematics Council 
Pres.—Lloyd F. Cox 
V.-Pres.—John W. Baucum 
Secy.-Treas.— Morris Tucker 
Ontario Association of Teachers of Mathematics 
and Physies 
Honorary Pres.—S. Beatty, 
Toronto, Toronto 
Past Pres.—J. L. Kerr, Malvern Collegiate 
Institute, Toronto 
Pres.—I. W. McNaughton, Guelph Collegiate 
and Vocational Institute, Guelph 
V.-Pres.—T. E. Ivens, Parkdale Collegiate 
Institute, Toronto 
Secy-Treas.—H. E. Totton, Forest Hill Col- 
legiate Institute, Toronto 
Publ. Rep.—R. R. Heard, Weston Collegiate 
and Vocational Institute, Weston 
Southern Oregon Council of Teachers of Mathe- 
matics 


Lowry, 1350 High- 


High 


Junior 


University of 


Pres.—Revel Meissner, Grants Pass High 
School, Grants Pass 
V.-Pres.—Stanley Kendall, Henley High 


School, Klamath Falls 
Secy.—Carl C. Walter, Grants Pass High 
School, Grants Pass 
Pennsylvania Council of Teachers of Mathe- 
matics 
Pres.—Catherine A. V. Lyons, Perry High 
School, Pittsburgh 
V.-Pres.—Lee E. Boyer, State Teachers Col- 
lege, Millersville 
Secy.—Mrs. Mabel Love Baker, Moore Ave., 
(Rosedale) Verona 
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Treas.—Edward EK. Bosman, 102 Smith St., 


East Stroudsburg 


Western Pennsylvania Association of Teachers 


of Mathematics 


Chairman—Chester Jelbert, Swissvale High 


School, Pittsburgh 18 


V.-Chm.— Mabel Milldollar, Natrona Heights 


Junior High School, Tarentum 


Secy.—Helen Malter, Coraopolis High 


School, Pittsburgh 


Treas.—Evelyn B. Schane, Gladstone Junior 


High School, Pittsburgh 


Association of Teachers of Mathematics of 


Philadelphia and Vicinity 
Pres. 
Charter School 


Ist V.-Pres.—Mrs. Adele U. Keller, West 


Philadelphia High School 


2nd V.-Pres.—Karl 8. Kalman, Lincoln High 


School 


Secy.—Viola Del Castello, Kensington High 


School 


Treas.—Mrs. Sadie T. Maclasky, Wagner 


Junior High School 


The Mathematics Teachers of the South Caro- 


lina Education Association 


Pres.—Margaret W. Huff, 2009 Hampton 


St., Columbia 
V.-Pres. 
School, Sumter 


Secy.—Ellie D. Reese, Wardlaw Junior High 


School, Columbia 
Treas.—Mary Lou Hodges, Walterboro High 
School, Walterboro 
Mathematics Section, South Dakota Education 
Association 
Act. Pres.—Lyle V. Sladek, Mitchell High 
School, Mitchell 
Secy.-Treas.—Mrs. J. L. Roberts, Belle 
Fourche High School, Belle Fourche 
Mathematics Section, East Tennessee Educa- 
tion Association 
Chairman—Joseph F. Elliott, Debyns-Ben- 
nett High School, Kingsport 
V.-Chm.—George P. Tusley, Fulton High 
School, Knoxville 
Seey.—Sibyl Cloyd Milhorn, Bluff City High 
School, Bluff City 


Mathematics Section—Texas. State Teachers 


Association 

Chairman—Lois Averitt, 1509 North Locust 
St., Denton 

V.-Chm.—Mrs. Ruby Moran, Greenville 

Secy.—Ida May Bernhard, Texas Education 
Agency, Austin 


Greater Dallas Mathematics Association 


Pres.—Patricia Copley, T. J. Rusk Junior 
High School 

Ist V.-Pres.—Lucy Cawlfield, W. E. Greiner 
Junior High School 

2nd V.-Pres.—Mrs. Ogden Kidd, Highland 
Park High School 

3rd V.-Pres.—Mrs. Udell Emerson, Leila P. 
Cowart School 

4th V.-Pres.—Elizabeth Dice, North Dallas 
High School 

Secy.—Adda Summer, L. O. Donaldson 
School 

Treas.—J. R. Williams, S. F. Austin School 

Parliamentarian—Mrs. Lorena Holder, J. H. 
Regan School 


The Beaumont Mathematics Club (Texas) 


OFFICERS OF THE NCTM AFFILIATED GROUPS 


M. Albert Linton Jr., Wm. Penn 


R. H. Windham, Sumter High 


Pres.—Katherine Bailey, South Park H S. 

Vice-Pres.—Nathalie Dinan, Beaumont H.S. 

Secy.-Treas.—Sallie McMahon, South Park 
Klementary School 


Ilouston Council of Teachers of Mathematics 


(Texas) 
Pres.— Miss H. Lel Red, Lamar High School 
Vice-Pres.—Emma Finch, 7th Johnston 
Junior High School 
Secy.—Mrs. Marjorie Dyer, Austin H.S. 
Treas.— Mrs. Ruth Cowden, Dow Jr. H.S. 
Parliamentarian—Mrs. Donna Williamson, 
7th Johnston Junior High School 


Utah Council of Teachers of Mathematics 


Pres.—P. 8. Marthakis, West High School, 
Salt Lake City, Utah 

V.-Pres.—Mrs. D. E. Henriques, University 
of Utah, Salt Lake City 

V.-Pres.—Ellis Everett, Dixie Junior College, 
St. George 

V.-Pres.—Charlotte Factor, Irving Junior 
High School, Salt Lake City 

V.-Pres.—Richard Stevenson, Farmington 
Elementary School, Farmington 

Secy.-Treas.—Lane A. Compton, 2922S. 14th 
East, Salt Lake City 


Mathematics Section, Virginia Mducation As- 


sociation 

Pres.—Burton F. Alexander, Petersburg 
High School, Petersburg 

V.-Pres. Prog. Chm.—Gladys Schuder, Lane 
High School, Charlottesville 

Secy.—Mrs. C. L. West, Petersburg High 
School, Petersburg 

Treas.—C. Ramsey, E. C. Glass High 
School, Lynchburg 


Richmond (Virginia) Branch of National Coun- 


cil of Teachers of Mathematics 
Pres.—Allene Archer, Thomas Jefferson H.S. 
V.-Pres.—Mrs. Doris Turner, East End H.S. 
Secy.—Mrs. Howard McCue, St. Catherine’s 
School 
Treas.—Kate M. Dinivin, Chandler Jr. H.S. 


Benjamin Banneker Mathematics Club (Wash- 


ington, D. C.) 
Pres.—Mrs. Emma M. Lewis, Shaw Jr. H.S. 
V.-Pres.—Phineas Yoshida, Randall Jr. H.S. 
Rec. Secy.—Gwendolyn Ore, Banneker Jun 
ior High School 
Corr. Secy.—Miss Jonehle Burr, Shaw Junior 
High School 
Treas.—George Banks, Shaw Junior H.S. 
Libr.—Alice Gaines, Banneker Jr. H.S. 
Mem. at Large—Guinivere White, Cardoza 
H.8.; Juanita Tolson, Armstrong H.S. 


The District of Columbia Teachers of Mathe- 


matics 

Pres.—Daniel B. Lloyd, Wilson Teachers 
College 

V. McCamman, Coolidge 
H.S 


Secy.—Faith F. Novinger, McKinley H.S. 
Treas.—Helen A. Robertson, Stuart Jr. H.S. 


West Virginia Council of Mathematics Teachers 


Pres.—J. C. Leake, 1010 Chesapeake Court, 
Huntington 1 


Secy.—Mrs. Wilson O. Grimm, Cammack 


Junior High School, Huntington 


Treas.—Mrs. Robert Thompson, Woodrow 


Wilson High School, Beckley 


(Continued on page 616) 
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National Council of Teachers of Mathematics and the New England Institute for Teachers of Mathematics 


1952 Joint Summer Meeting of the 


Row 1: 


Row 2: 


Row 3: 


Row 4: 


Row 5: 


Row 6: 


Row 7: 


Row 8: 


Row 9: 


Row 10: 


Row II: 


Row 12: 


Row 13: 


Row 14: 


M. I. Savides, C. Little, P. Ormsby, J. Height, M. Wilcox, M. Rogers, A. Archer, W. 
Ransom, A. Herbert, H. Rice, H. Garland, J. Zant, J. Adkins, M. Cochran, H. Fawcett, 
J. Frame, M. Ahrendt, M. Hildebrandt, R. Smith, H. Syer, J. Kinsella, H. Fehr, B. Betts, 
R. Beatley. 

H. O’Connell, M. Willette, G. Schuder, I. Hutchison, M. Eckler, K. Fukasawa, J. Butler, 
Mrs. R. Smith, M. Goodrich, J. Spear, Mrs. H. Rice, Mrs. H. Garland, L. Hemenway, 
T. Klein, D. Moon, H. Cooper, C. Cooper, J. Herbert, B. Meserve and Donald, A. 
Meserve, G. Meserve and Virginia, A. Griswold, S. Baehr, M. Loring, R. Eddy. 

R. Hutchinson, E. Taylor, M. Zelinka, E. Woolsey, V. Schult, L. Haines, B. Quinn, E. 
Smith, FE. Arnds, H. Wildish, C. Nicosia, J. Adamo, V. Tower, F. Layman, C. Drees, 
D. Farmer, M. Guhse, F. Allen, E. Piercy, M. Weeber, E. Haskins, A. Reeve, K. Billhardt. 
C. Keith, M. Fawcett, M. Dickson, E. White, M. Witters, A. Williams, E. Holt, J. Haynes, 
N. Copoulos, Mrs. W. Lowell, W. Lowell, S. Chapman, N. Vaughan, F. Simpson, A. 
Obenshain, E. Jarrett, M. Brewer, M. Tomlin, Mrs. H. Pickett, J. Larkin, H. Collins. 
L. Smith, F. Morgan, M. Allen, F. Morrison, C. Black, M. Marcy, R. Downing, E. Smith, 
A. C. Taylor, G. Smith, M. Sanders, E. French, M. Sutherland, H. Baravalle, N. True- 
man, L. Edwards, H. Pickett, S. Baehr, B. Sueltz, V. Glennon. 

Mrs. J. Marsh, M. MeNair, J. Bowker, J. Garrett, B. Mable, B. Crangle, R. Cobb, J. 
Stevens, K. Horrigan, E. Riegel, M. Aiken, E. Knutson, M. MeVicker, R. Perry, H. 
Besse, D. Boyer, L. Boyer, F. Smith, R. Burch. 

L. Bullock, D. Roper, E. Roundy, W. Clark, L. MacMillan, R. Heavenrich, E. Miles, 
G. Martin, E. Beattie, H. Thomas, A. Hannay, M. Reigh, A. Berriman, J. Frasier, G. 
Corey, Mrs. L. Boyer, G. Brock, V. Sanford. 

Edith Roorda, Ethel Roorda, E. Park, P. Petrie, E. Stapleford, C. Caruso, C. Mergendahl, 
M. Macdonald, L. Bruce, B. Joseph, B. Burkett, R. Keniston, K. O’Brien, E. King, M. 
Stone, E. Smith, L. Knapp, M. DuBourdieu, C. Curtis, R. Reid. 
E. Smith, C. Potter, E. Emerson, 8. Curtis, M. Gray, F. Dickerman, F. Johnson, I. 
Johnson, L. Phillips, B. Jones, C. Lyons, E. Totten, M. Baker, 8. Berkeley, E. Berkeley, 
A. Savides, M. Buckley. 

A. Thomas, F. Waterman, A. Bowen, M. Lougee, H. Wright, W. Sides, W. Shute, E. 
Jordan, I. Jordan, R. Mulcahey, W. Peterman, E. Smith, W. Rowe, H. Green, R. Kimball, 
A. Hammond, M. Beebe, D. Wyman. 

T. McCarthy, D. Carpenter, M. Pierce, G. Hazzard, H. Clarke, C. Nearing, W. Cheney, 
C. Banta, Brother Albertus, E. Nason, E. Burrington, R. Oldfield, E. Kobak, V. Griffin, 
A. Sargent, A. Wiley. 

E. Ryan, A. Ely, M. Tregillus, H. Howard, E. Allen, F. Gray, R. Clark, R. Sawyer, W. 
Graham, J. McClement, J. Del Grande, A. Cockburn, J. Van Billard, A. Curran, G. 
Smith, W. Pond, A. Mullaly, M. Katkin. 

K. Rosskopf, M. Rosskopf, Mrs. M. Rosskopf, R. Depoyan, M. Gouin, P. Ham, J. Sieg, 
G. Hardy, B. Stoddard, E. Stoddard, M. Quirk, B. Eaton, K. Engler, A. Warner, H. 
Percy, R. Olcott, E. Lave, L. Kittle, A. Sutherland, B. Wallace. 

A. Bennett, J. Schacht, J. Marsh, P. Rosskopf, G. Warren, F. Lankford, M. Barry, T. 
McNamara, A. Merriam, H. Byrnes, H. Grantham, 8. Wallace, C. Wallace, B. Suther- 
land, I. Sutherland. 


The Fifth Annual Institute for Teachers of Mathematics 


of the 
Association of Teachers of Mathematics in New England 
will be held 
August 20-27, 1953, Colby College, Waterville, Maine 
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NEWS NOTES 


The Joint Meeting of The National Council 
of Teachers of Mathematics (12th Summer 
Meeting) and The New England Institute for 
Teachers of Mathematics (4th Institute) spon- 
sored by The Association of Teachers of Mathe- 
matics in New England was held at The Phillips 
Exeter Academy, Exeter, New Hampshire, 
August 21-28, 1952. The combining of the two 
meetings proved to be a great success. There 
was an enthusiastic group of about 500 present. 
The geographical area represented ranged from 
Ontario to the Canal Zone and from California 
to Maine. 

The program opened on Thursday, August 
21 with a banquet for The National Council with 
Professor Bancroft Brown, Dartmouth College, 
as speaker on the subject ‘Education in the 
Obvious.’”’ On each of the following days there 
were two lectures and three sets of study groups. 
Each set consisted of nine different groups dis- 
cussing topics suitable for various school levels. 
After the National Council meetings were over 
on August 24, five groups in each set con- 
tinued as the Institute groups and a new group 
particularly for elementary school teachers was 
added. 

There were several rooms given over to the 
exhibition of materials used in the teaching of 
mathematics. These included displays of books 
by several publishing companies, commercial 
teaching aids, classroom furnishings, a collection 
of linkages, devices for use in the calculation of 
x by experiment, and many projects carried out 

by students in the form of posters, booklets, and 
models. An electrical calculating machine de- 
vised by two high school students drew a great 
deal of attention. There were many free pam- 
phlets and other materials available for use in 
the classroom. Films and filmstrips were shown 


regularly. 
There was ample opportunity for recreation. 


A pastime room, full of mathematical devices 
and puzzles, was a popular gathering place be- 
tween study groups. Following the afternoon 
meetings tea was served in The Big Room in 
Phillips Hall. A snack bar was open following the 
evening lectures, and many gathered there to 
continue friendly discussions. 

Besides the daily opportunities for tennis, 
swimming, boating, or walking on the beautiful 
campus of the Academy, the group had a choice 
on Sunday of an all-day trip to the White Moun- 
tains or a boat trip to the Isles of Shoals. Eve- 
ning entertainment included unusual magic tricks 
by Professor William F. Cheney, Jr., University 
of Connecticut, and colored slides of the 1951 
Institute at Connecticut College for Women by 
Miriam Loring of the Belmont, Massachusetts 
High School. 

On Tuesday, picnic lunches were provided, 
and many of the group visited the neighboring 
beaches, historic houses in nearby Portsmouth, 
Phillips Andover Academy, or the Towle Cor- 
poration. 

The formal sessions of the Institute closed 
with a banquet on Wednesday evening, August 
27, at which Dean John FE. Burchard of the 
Massachusetts Institute of Technology was the 
speaker. It was a fitting conclusion to a week full 
of inspiration and contagious enthusiasm as well 
as congeniality and fellowship due in a large 
part to the hospitality offered by The Phillips 
Exeter Academy and its Principal, William G. 
Saltonstall. 

The members of the General Committce 
which planned the Joint Meeting were Jackson 
B. Adkins, General Chairman and Program 
Committee; Barbara B. Betts, Exhibits; Janet 
Height, Recreation; Dr. H. Gray Funkhouser, 
Housing; Christina S. Little, Laboratories; 
Henry W. Syer, Representative for The Na- 
tional Council; and Ruth B. Eddy, Publicity. 


Officers of Affiliated Groups 
(Continued from page 613) 
Wisconsin Mathematics Council 
Pres.—Irene M. Larson, Board of Education, 


Green Bay 
V.-Pres.—Sister Mary Felice, Mount Mary 


College, Milwaukee 
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V.-Pres—Ann Neitzel, Washington Park 
High School, Racine 
V.-Pres.—John Brown, Wisconsin High 


School, Madison 
Secy.—Viola Bartelme, 344 South Wisconsin 
St., Janesville 
Treas.—Adolph Vorba, Marshfield High 
School, Marshfield 
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State Representatives of the National Council 
1952-53 


ALABAMA: Mrs. Margaret M. Holland, Route 3, Box 728, Birmingham 8 
ALABAMA: John B. Norman, Parket High School, Birmingham 4 

ARKANSAS: Miss Mary Lee Foster, Henderson Teachers College, Arkadelphia 
CALIFORNIA: Paul Klipfel, 485 Buena Vista Avenue, San Francisco 17 
CALIFORNIA: Dale Carpenter, 1201 West Pico Boulevard, Los Angeles 15 
CALIFORNIA: Edwin Eagle, San Diego State College, San Diego 5 

Cotorapo: Miss Mary C. Doremus, 1115 Logan St., Apt., 201, Denver 3 
Connecticut: Kenneth Fuller, Teachers College, New Britain 

DELAWARE: Miss Ruth Lee Green, 312 N. Connell St., Wilmington 

District oF CoLuMBIA: Miss Veryl Schult, Wardman Park Hotel, Washington 8 
District or CotumBria: Mrs. Ethel H. Grubbs, 751 Fairmont St., N.W., Washington 1 
FLoripa: Miss Charlotte Carlton, 311 5.W. 27th Avenue, Miami 

GrorGIA: Miss Bess Patton, 443 Ponce de Leon, Apt. C-1, Atlanta 

Inuinois: C. N. Fuqua, Senior High School, Champaign 

INDIANA: Philip Peak, Route 6, Bloomington 

lowa: Herbert Tschopp, Central Junior High School, Ames 

KANSAS: Gilbert Ulmer, University of Kansas, Lawrence 

Kentucky: Miss Bernice Wright, State Teachers College, Bowling Green 
LOUISIANA: Miss Jessie May Hoag, 140 Clark Court, Lafayette 

LovisiaNA: Houston T. Karnes, Louisiana State University, Baton Rouge 3 
MAINE: Miss Katharine EF. O’Brien, Deering High School, Portland 

MaryYLAND: Herbert Smith, Baltimore Polytechnic Institute, Baltimore 2 
Mary.anp: 8. Leroy Taylor, Administration Building Annex, Baltimore 17 
MassacuusETts: Miss Margaret Cochran, 62 Highland Avenue, Somerville 
MicuiGan: Phillip S. Jones, University of Michigan, Ann Arbor 

MicuiGan: Dunean A. 8. Pirie, 4628 Devonshire Road, Detroit 24 

Minnesota: Miss Louise Kinn, Franklin Junior High School, Brainerd 
Mississippi: Miss Virginia Felder, Box 88, Station A, Hattiesburg 

Missourt: Miss Nellie Kitchens, 404 Frederick Apartments, Columbia 
Montana: R. J. Scovil, Great Falls High School, Great Falls 

NEBRASKA: Miss Maude Holden, Ord 

Nevaba: Miss Elois Campbell, P.O. Box 207, Reno 

New HampsuireE: H. Gray Funkhouser, Cilley Hall, Exeter 

New JersEY: Miss Mary C. Rogers, 307 Prospect Street, Westfield 

New Mexico: Miss Reba Jinkins, 1120 Pile, Clovis 

New York: H. C. Taylor, Benjamin Franklin High School, Rochester 

New York: Harry D. Ruderman, 2391 Webb Avenue, Bronx 68 

Nortu Carona: Miss Annie John Williams, Julian 8. Carr Junior H.S., Durham 
Norta Dakota: Miss Ruby M. Grimes, North Dakota Agricultural College, Fargo 
Onto: John F. Schacht, 60 N. Remington Road, Bexley, Columbus 9 

OKLAHOMA: Miss Eunice Lewis, University High School, Norman 

OrEGON: Miss Eva Burkhalter, Klamath Union High School, Klamath Falls 
PENNSYLVANIA: M. Albert Linton, Jr., Wm. Penn Charter School, Philadelphia 44 
PENNSYLVANIA: Miss Joy Mahachek, State Teachers College, Indiana 

Ruope Isuanp: M. L. Herman, Moses Brown School, Providence 

Sourn Caronina: Miss Lucile Huggin, R.F.D. 2, Spartanburg 


(Continued on page 619) 
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BOOK SECTION 


Edited by JoserH ST1iPANOWICH 
Western Illinois State College, Macomb, Illinois 


BOOKS RECEIVED 
High School 


General Mathematics at Work, by Claude H. 
Ewing and Walter W. Hart. Cloth, v+266 
pages, 1952. D. C. Heath and Co., 285 Colum- 
bus Ave., Boston 16, Mass. $2.80. 


College 


Calculus, by Tomlinson Fort, University of 
Georgia. Cloth, xii+560 pages, 1951. D. C. 
Heath and Co., 285 Columbus Ave., Boston 16, 
Mass. $4.75. 

College Geometry (Second ed. rev.) by Nathan 
Altshiller-Court, University of Oklahoma. 
Cloth, xix +313 pages, 1952. Barnes and Noble, 
Inc., 105 Fifth Ave., New York 3, N. Y. $4.00. 

General College Mathematics, by W. L. Ayres, 
Cleota G. Fry, and H. F. 8. Jonah, all of Purdue 
University. Cloth, xii+283 pages, 1952. Mce- 
Graw-Hill Book Co., 330 W. 42nd St., New 
York 36, N. Y. $3.75. 

Modern Elementary Statistics, by John E. 
Freund, Alfred University. Cloth, x +418 pages, 
1952. Prentice-Hall, Inc., 70 Fifth Ave., New 
York 11, N. Y. $5.50. 

Basic Mathematics for Engineering and Sci- 
ence, by Walter R. Van Voorhis, and Elmer E. 
Haskins, both of Fenn College. Cloth, x +619 
pages, 1952. Prentice-Hall, Inc., 70 Fifth Ave., 
New York 11, N. Y. $5.75. 

Methods of Applied Mathematics, by F. B. 
Hildebrand, Massachusetts Institute of Tech- 
nology. Cloth, xi+523 pages, 1952. Prentice- 
Hall, Inc., 70 Fifth Ave., New York 11, N. Y. 
$7.75. 

Theory of Numbers, by B. M. Stewart, 
Michigan State College. Cloth, xiii +261 pages, 
1952. Macmillan Co., 60 Fifth Ave., New York 
11, N. Y. $5.50. 


Miscellaneous 


Articles on the History of Mathematics: A 
Bibliography of Articles Appearing in Five Pe- 
riodicals, by Cecil B. Read, University of 
Wichita. University Studies No. 26, paper, 32 
pages, 1952. The Municipal University of 
Wichita, Wichita, Kansas. Single copy, $0.50; 
additional copies, $0.25. 

Mathematical Models, by H. Martyn Cundy 
and A. P. Rollett. Cloth, 240 pages, 1952. Ox- 
ford University Press, 114 Fifth Ave., New 
York 11, N. Y. $5.50. 
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REVIEWS 


Growth in Arithmetic (Grade 7), John R. Clark, 
Rolland R. Smith, and Harold E. Moser. 
Yonkers-on-Hudson, New York, World 
Book Company, 1952. v +314 pp., $2.12. 


The book is very well adjusted to the de- 
velopmental level of seventh-grade students. 
An extremely clear and meaningful review is 
presented in the first few chapters. There is an 
abundance of drill exercises and many problems 
relating to the experience of an adolescent child 
It would seem that this book, because of the 
number and diversity of problems, could be ad- 
justed to suit the needs of varying levels of 
arithmetic abilities. 

Maintenance of skills and understandings is 
provided for by well-distributed practice exer- 
cises. The units of work are short enough to cope 
with the attention span of boys and girls of 
adolescent age. 

The format would be especially attractive to 
students as the book is nicely illustrated and 
unusually legible. The publisher employs the 
two column system of printing so that the book 
lies flat when opened. The colorful illustrations 
will probably be helpful in motivating the sub- 
ject. 

Teachers will find this book very helpful in 
teaching a course in seventh grade arithmetic 
that will meet the needs of a wide range of stu- 
H. Nautt, W. K. Kellogg 
Junior High School, Battle Creek, Michigan. 


Second Algebra (2nd. ed.), Virgil S. Mallory and 
Kenneth C. Skeen. Chicago, Benj. H. San- 
born & Co., 1952. vii +480 pp., $2.48. 


The Mallory-Skeen Second Algebra will be 
welcomed by teachers who have found the 
Stone and Mallory and later the Mallory alge- 
bras successful teaching texts, and will un- 
doubtedly add new friends. 

Features of the book are inventory tests 
labeled “Can You Do These?” for reviewing 
first-year algebra and refreshing in concepts and 
skills needed in approaching a new topic, boxed 
examples for making processes clear, and the 
use of simple drawings and suggestions for 
classifying the data in solving world-problems. 
Practice exercises are graded to three levels of 
difficulty, and there are additional optional 
topics. Provision is made for reviews and main- 
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tenance, with a program of cumulative reviews 
and tests, including a “Keeping Up in Arith- 
metic” test, at the end of each chapter. 

Chapters 1-6 are largely a review of first 
vear algebra from a more advanced point of 
view. Chapters 7-11 develop intermediate alge- 
bra. Chapter 12 contains supplementary review 
exercises and optional topics including the factor 
and remainder theorems and synthetic division, 
determinants and their use in solving systems of 
equations, differentiation of polynomials and 
maximum and minimum problems, and integra- 
tion of simple forms and finding the area under 
a curve. 

Points of improvement over the previous 
Mallory texts include distinguishing between 
sequence and series, stating the commutative, 
associative, and distributive laws, use of the 
word “complex” rather than “imaginary’’ in 
connection with negative discriminant of a 
quadratic, more emphasis on the topic of varia- 
tion with added practice exercises, and a more 
interesting introductory discussion of conic sec- 
tions. 

The authors deserve special commendation 
in the matter of the readability of the text. 
tecognizing that the usual mathematical diffi- 
culties are often complicated by reading diffi- 
culties, they have given special attention to se- 
mantics, vocabulary, and sentence-structure, 
with the result that the book satisfies established 
criteria for readability. 

The format of the book is attractive. 
KATHARINE EF. O’Brien, Deering High School, 
Portland, Maine. 


How Big? How Many? Arithmetic for Home 
and School, Gladys Risden. Boston, The 
Christopher Publishing House, 1951. 248 
pp., $3.50. 


This book may be considered as a guide book 


for those individuals who are directing children 
in the learning of arithmetic. It shows how chil- 
dren learn through experience by including nu- 
merous illustrations in which number facts and 
number relationships have been discovered. 
However, experience that ends with finding the 
answer is not sufficient. The child needs organ- 
ized experience in taking groups apart and put- 
ting them together, both perceptual and non- 
perceptual, and guidance in generalizing upon 
this experience to build up a system of ideas, 
the system of ideas the race has evolved to serve 
in making understandable the quantitative 
situation of life. 

Teachers of arithmetic will find this text con- 
tains many valuable suggestions for teaching 
the slow learner as well as those who are in need 
of remedial work. It should also be of great value 
to those who are in training to be teachers of 
arithmetic.—L. H. Ball State 
Teachers College, Muncie, Indiana. 


Jacobian Elliptic Function Tables, L. M. Milne- 
Thompson. New York, Dover Publications 
Inc., 1951. xi+-123 pp., $2.45. 


This little book contains tables of the more 
frequently used elliptic functions and fills, at a 
moderate price, a need that has long been felt 
(especially among applied mathematicians). The 
tables themselves are easy to use. Approximatey 
the first half of the book is devoted to a sum- 
mary of the theory of elliptic functions and con- 
tains an extensive collection of useful formulas. 
Some of the applications to physical problems 
and conformal mapping are indicated. Although 
parts of the book are understandable to readers 
familiar with elementary calculus, nevertheless 
it is designed primarily for research workers in 
applied sciences, who should find it invaluable. 
—W. E. Jenner, Northwestern University, 
Evanston, Illinois. 


State Representatives 
(Continued from page 617) 


Soutn Dakota: Miss Florence Krieger, Rapid City High School, Rapid City 
TENNESSEE: Mrs. John B. White, 3822 Whitland Ave., Nashville 

Texas: Miss Pear! Bond, Edson Hotel, Beaumont 

Uran: Kenneth R. Allred, Granite High School, Salt Lake City 

Vermont: John G. Bowker, Middlebury College, Middlebury 

VirerntA: Miss Wilhelmina Wright, John Marshall High School, Richmond 19 
Virginia: R. W. James, Armstrong High School, North 31st Street, Richmond 23 
WasHINGTON: Miss Helen Dunn, West Seattle High School, 4075 Stevens St., Seattle 6 
West Virerntra: Miss Kathryn W. Lynch, 923 Sixth Avenue, St. Albans 

Wisconsin: Miss Elli Otteson, 705 Whipple, Eau Claire 


Wisconsin: Miss Margaret Joseph, 1504 N. 


Prospect Ave., Milwaukee 2 


Wyomina: Palmer O. Steen, University of Wyoming, Laramie 
Canapa: George E. Wallace, Box 280, Newtonbrook, Ontario 
Costa Rica: R. A. Llubere Zuniga, P.O. Box 937, San Jose 
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RESEARCH IN MATHEMATICS EDUCATION 


Edited by Joun J. KINSELLA 
School of Education, New York University, New York 8, N.Y. 


The Question: What content of general 
mathematics best serves the purposes 
of general education at the secondary 
education level? 


The Study: Woodby, Lauren G. A Syn- 
thesis and Evaluation of Subject-Matter 
Topics in Mathematics for General 
Education. Ph.D. dissert. University 
of Michigan, Ann Arbor, 1952. 


The purpose of this study was “to syn- 
thesize a comprehensive list. of subject- 
matter topics in general mathematics from 
10 contributing sources and to determine 
the relative values of these topics for gen- 
eral education in the secondary school.” 
(Page 1). 

General education was defined as ‘‘those 
phases of non-specialized, and non-voca- 
tional learning that should be the common 
experience of all educated men and wom- 
en.” (Page 53) “Educated” meant hav- 
ing “profited from the activities of the 
public school system (or its equivalent) 
through grade XIV.” (Page 53) General 
mathematics was taken to be “non-com- 
partmentalized, non-specialized, non-pre- 
paratory mathematics that is desirable 
for every person regardless of vocational 
and specialized needs.’’ (Page 53) The 
secondary school was taken to include 
grades VII through XIV. In the study no 
attempt was made to determine grade or 
age level placement, order of presentation, 
or methods of instruction. 

As a sub-problem to his main problem 
Dr. Woodby first sought to “compile a 
comprehensive list of subject-matter items 
from certain terminal courses in mathe- 
matics now being offered at the junior 
college level, and to evaluate these items 
as to their worth for general education.”’ 
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(Page 56) Questionnaires received from 62 
institutions ranging in enrollment from 
25 to over 24,000, with a median enroll- 
ment of 944, revealed that only 5 of the 62 
courses had been based on research in- 
vestigations and that one or two textbooks 
were basic guides in all but 7 courses. From 
the 62 institutions 18 syllabi were avail- 
able for analysis. The study of these was 
supplemented with an examination of 6 
textbooks which had been used in 4 or 
more courses. The investigator emerged 
with 570 items classified under arithmetic 
(110), algebra (83), geometry (105), busi- 
ness and finance (62), trigonometry-an- 
alytic geometry-calculus (78), probability 
and statistics (41), history and biography 
(73) and miscellaneous (18). A jury of 11 
specialists in mathematics and 8 in mathe- 
matics education rated the items for their 
ralue in a “‘mathematices for general edu- 
cation”’ one-year course at the junior col- 
lege level. This reviewer noted that 138 
items had a mean ranking closest to ‘‘es- 
sential’? and 327 nearest to “of consider- 
able value but not essential’; the remain- 
ing 105 items would have doubtful value 
for the course. 

Realizing that this investigation would 
deal with only 2 of the 6 years of the sec- 
ondary education period Dr. Woodby 
selected, by the use of criteria relevant to 
the purposes of his study, four research 
studies,'! including his own, three com- 
mittee reports? and three courses of study’ 

1 Schorling, Raleigh. A Tentative List of 
Objectives in the Teaching of Junior High School 
Mathematics. Ann Arbor: George Wahr, 1925. 

Richtmeyer, Cleon C. Functional Mathe- 
matics Needs of Teachers. Colorado State Col- 
lege of Education. 1937. 

Moore, Vesper D. The Mathematics of Gen- 
eral Education for the Teacher. Ph.D. University 
of Michigan, 1951. 
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to fill out his individual efforts. These ‘10 
contributing sources” yielded 1077 topics 
which were ranked in importance by using 
the method followed by Curtis in a similar 
study in another field.4 Next, 9 individuals 
who were considered experts in educa- 
tional research and specialists in mathe- 
matics education were asked to give 
weights to the “10 contributing sources.” 
From these data and an appropriate 
formula an adjusted weight for each of the 
10 sources was determined. Then, the rela- 
tive value of each topic under each source 
was obtained by multiplying its rank in the 
total of 1077 by the weight assigned to its 
source by the 9 authorities. When a topic 
appeared under more than one source a 
summation yielded its “aggregate value.”’ 
Then, after arbitrarily assigning 100 to the 
topic having the highest aggregate value, 
all of the remaining topics were given 
“index values,’’ expressed as integers less 
than 100, according to the ratio of their 
“aggregate values” to the highest aggre- 
gate value. Finally, the 1077 topics were 
organized ‘under the categories of number 
and computation (100), graphie represen- 
tation (99), measurement (99), algebra 
(99), geometry (99), trigonometry (91), 
analytic geometry (88), calculus (65), 
finance (94), consumer mathematics (96), 
probability and statistics (98), and mis- 
cellaneous (97). (The numbers indicate 
the “index values.’’) 

In conclusion, Dr. Woodby recom- 
mended “that the list of 1077 topics . . . be 
considered as a source of topics in mathe- 
matics by teachers, curriculum workers, 
and writers of texthooks.”” (Page 221) 

? National Council of Teachers of Mathe- 
matics. Fifteenth Yearbook. The Place of Mathe- 
matics in Secondary Education. Teachers Col- 
lege, Columbia University. New York, 1940. 

The Consumer Education Study; The Role 
of Mathematics in Consumer Education. Wash- 
ington, D. C. 1945. 

“Essential Mathematics for Minimum Army 
Neéds.”” Toe Matuematics TEACHER. XXXVI, 
(October 1943), 243-82. 

®> Board of Education of the City of New 
York. General Mathematics for the 9th Year. Cur- 


riculum Bulletin, 1949-50 Series, No. 4. Brook- 
lyn, 1950. 


The Question: Does the study of solid 
geometry improve space perception 
abilities? 


The Study: Ranucci, Ernest R. The Effect 
of the Study of Solid Geometry on Certain 
Aspects of Space Perception Abilities. 
Ph.D. dissertation. Teachers College, 
Columbia University. 1952. 


For at least the past thirty years leaders 
in the field of the teaching of mathematics 
have claimed that the improvement in 
space perception abilities is one sound 
reason for the study of solid geometry. Dr. 
Ranucci’s study was designed to test this 
hypothesis. 

From the results of factor analysis 
studies in psychology the investigator 
found that there was considerable agree- 
ment on certain space factors present ‘in 
tasks requiring the manipulation of visual 
patterns.’’ One factor “depends upon the 
ability to recognize objects when viewed 
from different positions.’”’ A second in- 
volves ‘the sensing of mirrored or reversed 
relationships.”’ A third depends on the 
“body orientation of the observer.’’ A 
fourth demands the ability to imagine 
“movement within the parts of a configu- 
ration.” 

To test these factors four evaluation in- 
struments were selected from a list of 
eighteen. These were Thurstone’s Lozenge 
Test A; The Revised Minnesota Paper 
Form Board Test, Form MA; Army Gen- 
eral Classification Test, Form AH (Block 
Counting Section only); Space Relations 
Test, Form A, Differential Aptitudes. The 
experimental group from eleven high 
schools in northern New Jersey consisted 
of 225 seniors about to begin a course in 


(Continued on page 626) 


Wisconsin Cooperative Educational Plan- 
ning Program. General Mathematics in the High 
School. Mathematics Bulletin No. 2. Curricu- 
lum Bulletin No. 17. Madison, 1950. 

Florida State Department of Education. 
Functional Mathematics in the Secondary Schools. 
Bulletin No. 36. Tallahassee, 1950. 

‘ Curtis, Francis 8S. A Synthesis and Evalua- 
tion of Subject-Matter Topics in General Science 
Ginn and Company, Boston, 1929. 
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Edited by 


Henry W. SYER 
School of Education 
Boston University 

Boston, Massachusetts 


BOOKLETS 
B. 110—Guwidance Pamphlet in Mathematics 
B. 111 
B. 112—Numbers and Numerals 


B. 113—A Handbook on Student Teaching 
in Mathematics 


—~Number Stories of Long Ago 


National Council of Teachers of Mathe- 
matics, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 

Booklets; Described below. 


Description of B. 110: ($.25 each, 10 or 
more $.10 each) This 25-page (7” X10") 
beoklet was originally printed in the 
November, 1947, issue of THe MATHE- 
MATICS TEACHER as the final report of 
the Commission of Post-War Plans. How- 
ever, it has little to do with war or post- 
war; it is essentially a collection of very 
useful, definite facts on vocational uses of 
mathematics. It contains the ubiquitous 
“check-list of 29 items”? which, by being 
definite, has been overworked. There is 
now added a one-page copy of the “How 
High School Mathematics Can Contrib- 
ute to your Career” chart prepared in 
Michigan. 

Description of B. 111: ($.75 each) This 
reprint of David Eugene Smith’s 150-page 
(5” X7") book is a welcome friend to have 
available again. There are many illustra- 
tions and 8 pages of pictures in color. 
Types of numbers and types of computing 
from other countries and other centuries 
are discussed. Each chapter ends with a 
“Question Box’’ and the book with a set 
of “Curious Problems before the Log 


Fire.” 
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and 


DoNovaNn A. JOHNSON 
College of Education 
University of Minnesota 
Minneapolis, Minnesota 


Description of B. 112: ($.35 each) David 
Kugene Smith and Jekuthiel Ginsberg 
wrote this for the National Council in 
1937. It is still an outstanding collection 
of pictures and discussions (52 pages, 
51” <8") on the history of mathematics, 
organized around the following topics: 
learning to count, naming the numbers, 
from numbers to numerals, from numerals 
to computation, fractions, mystery of 
numbers, number pleasantries, and the 
story of afew arithmetic words. 

Description of B. 113: (3.15 each, 10 or 
more $.10 each) This booklet (34 pages, 
7”X10") is intended to help beginning 
student teachers and their supervisors 
organize their observation and teaching. 
It covers such topics as the following: 
why have student teaching, who shall 
take it, what issues confront teachers, 
what mathematics is of most worth, how 
to teach live mathematics, the phases of 
the students’ experience, and how toeval- 
uate teaching. 

Appraisal of B. 110: The guidance 
pamphlet is still of great value and should 
be available to all secondary school stu- 
dents. It should not be passively intro- 
duced but actively made the part of sev- 
eral assignments. We are not really teach- 
ing mathematics unless we find the time 
to connect it with its purposes, and voca- 
tional use is one of these purposes. Sets 
for the whole classes, copies for the school 
library, and copies which students may 
buy if they wish, should be available in 
every school. 

Appraisal of B. 111 and B. 112: These 
two booklets serve the same purpose, but 
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at quite different levels. The first is for 
elementary school pupils in the upper 
grades and for junior high schools, and 
the second for high school and college 
classes. They both provide background in 
the notational and computational history 
of arithmetic, told in a popular yet accu- 
rate style. The interest is increased by the 
unusually good selection of illustrations. 
The present reviewer cannot help but re- 
peat his first impressions of ‘Number 
Stories’? when he read it at about the age 
of twelve. He thought, “What an imagi- 
nation this author has to invent so many 
ingenious ways that people might have 
done their computation.” It was not until 
years later that he realized the methods 
were actual ones which had been used by 
the people described. 

Appraisal of B. 113: A handbook for 
student teachers is an excellent idea, but 
this one does not quite fill the purpose. 
It is a summary of many excellent things 
which student teachers should be reminded 
of just before they begin that work, but 
the material certainly will have been 
covered by courses in general methods of 
teaching and in methods of teaching 
mathematics, which will usually precede 
student teaching. This nourishes the story 
that education courses say the same thing 
over and over. A booklet which attacks 
the special problems which do not arise 
until one faces a class would be more use- 
ful. Within its own sphere it is a useful 
booklet. 


B. 114—Puzzle Craft (Kit U) 

Cooperative Recreation Service, Dela- 
ware, Ohio 

Booklet; 33” X62"; 25 pages; $.25 each 
or in sets; $.15 in dozen lots. 

Description: Here are 40 puzzles which 
can be made of wire, wood or string. Many 
of them have mathematical implications; 
for example, the devil’s needle, the pyra- 
mid, ba gwa, and circling dots. 

Appraisal: This is a good collection 
and many items are well worth making 
to start a collection of puzzles. The direc- 


tions are usually neither complete nor 
clear, but none are so difficult that a little 
thought will not tell how to construct 
them. Well worth the quarter. 


B. 115—Bearing Load Computation 

New Departure, Bristol, Conn. 

Booklet ; 83” X11”; 24 pages; Free in single 
copies. 

Description: This is a technical booklet 
explaining, according to classical sta- 
tics and engineering principles, how tocom- 
pute loads on shaft bearing, both radial 
and thrust. There are many examples of 
formulas, geometric diagrams, empirical 
constants, types of variation, trigono- 
metric functions, systems of equations, 
units of measure, arithmetical computa- 
tions, positive and negative numbers and 
reading of tables of numbers. 

Appraisal; Of course this is too tech- 
nical and too detailed for any high school 
course in mathematics, and yet it shows on 
every page the outgrowth of high school 
mathematics. If teachers could think 
through just a few of the problems illus- 
trated here and lead pupils through them 
pointing out the applications of the mathe- 
matics they already know, it would be 
more inspiration than any amount of 
empty reassurance that “teacher knows 
this is useful.’’ Examples of this kind take 
time, effort and patience, but they pay 
off at the end. 


B. 116—Men of Vision 


Better Vision Institute, Inc., Suite 3157; 
630 Fifth Ave., New York 20, N. Y. 
Thirty booklets; each 3}”X5", 4 pages; 
Free. 

Description: Each pamphlet is on a dif- 
ferent individual who has “opened the 
eyes of the world.’’ Men who may be of 
interest to mathematics classes include 
Leonardo da Vinci, Kepler, Galileo, Leu- 
wenhoek, Thomas Young, John Dalton, 
Talbot and Daguerre, Louis Pasteur, 
Robert Bunsen, Gregory Mendel, Roent- 
gen, and Francis Jenkins. 

Appraisal; Each front cover has a 
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title and an attractive colored diagram. In- 
side is an illustration and a short story 
which ends with an artificial reminder 
that these were men of vision and our 
eyesight is very important. By getting two 
sets of these and judiciously cutting and 
pasting them, some very attractive note- 
books or bulletin board displays can be 
built. 
CHARTS 


C. 40—Optical Performance Predicted on 
Paper 

American Optical Company, Instrument 
Division, Buffalo 15, N. Y. 

Poster; 83” X11”; Free. 

Description and Appraisal: This is an 
illustration, on graph paper, of how mathe- 
matics is used in the design of optical 
systems. This is a convenient size to file 
in letter folders and thus have available 
to use year after year. Such materials can 
be added to as other charts, posters and 
clippings on the same subject are collected. 


INSTRUMENTS 


I. 3?—-Ken-Add_ Pocket 
chine 
Ken-Add Machines, P.O. Box 2, Duluth, 
Minn. 
Calculator; 23” <5” X }”; 63 ounces; $6.95. 
Description: There are four columns 
which give this device a capacity of 9999. 
The carry-principle is incorporated and is 
mechanically very smooth, effective, and 
seemingly infallible. There is a stylus 
which is used to dial the figures and also 
to write on the magic slate that is inside 
the cover. The outside is a stippled metal 
finish. 
Appraisal: This is one of the most 
attractive of the simple addition devices in 
this price class. It is not a toy, nor pri- 
marily a device for schools, but a practical 
adding machine. Nevertheless, it is as 
fascinating as a toy, and very useful in 
many arithmetic situations in school. It 
will find value in teaching place value, 
carrying from one column to another, 


Adding Ma- 


[ December 


checking addition problems, checking sub- 
traction problems, illustrating multiplica- 
tion as repeated addition, and division as 
repeated subtraction, and many other 
learnings as well. With ordinary precau- 
tion it seems very durable and beyond 
most of the abuses of carelessness. The 
magic slate can be used to record results 
of operations which are not permanent 
enough to transfer to paper. A few of 
these calculators should be in the teaching 
collection of each school to enrich the 
teaching of computation. In fact, with a 
few different devices of this sort and sup- 
plementary reading matter, a very good 
unit on calculating devices could be or- 
ganized at the secondary school level. 


I, 388—Judy Clock 

The Judy Company, 310 North Second 
Street, Minneapolis 1, Minn. 

Clock face; 123” X13"; $3.00 (school dis- 
count). 

Description: This clock face is stenciled 
in very attractive colors and is supported 
on two 5” legs which are easily detachable 
for storage. The hands are 43” and 6}". 
This instrument differs from others in 
having a small window set in the front 
where a set of gears can be seen turning 
which keep the true relationship between 
the two hands when just the minute hand 
is rotated. Pictures of a sundial and an 
hour glass decorate the surface. 

Appraisal: Only by extended 
could it be determined whether the gear 
mechanism would stand up under con- 
tinual usage and thus justify the additional 
complication. The gears do certainly add 
to the ease of setting the clock and show 
the pupils that a similar relationship holds 
in real clocks. This is an attractive addi- 
tion to any teaching collection and very 


practical. 
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M. 29—Mek-N-Ettes, Jr. 


The Judy Company, 310 North Second 
Street, Minneapolis 1, Minn. 


Construction set; Box, 73” X 10”; $1.75. 


trial 


one 
and 
grou 
on t 


M.3¢ 
Nati 
mati 
Wasl 
Cons 
for $ 


De: 
anoth 
Coun 
ice an 
of Seis 
viewe 
(M. 7. 
(M. 1: 
Unit ( 
three i 
unit ¢ 
(8”x1 
broide: 
broidei 
it is 


tl 
Ol 

se 
ap 

dif 

no 

On 

the 

the 
fun 
| In 
trai 
teet 

| nun 
| twe 
ness 

| mat 


ond 


dlis- 


iled 
‘ted 
ible 
64". 
; In 
ront 
ung 
and 
| an 


trial 
gear 
con- 
onal 
add 
show 
olds 
vddi- 
very 


cond 


| 


1952] 


Description: This is a smaller version of 
the Deluxe Mek-N-Ettes reviewed previ- 
ously (M. 23, May 1951) with none of the 
complex parts such as pistons, cams, etc., 
which the larger set has. The base of this 
set is 73” 10” and has 59 holes one inch 
apart on a diagonal grid. Shafts, 1” and 
3” gears, 3”, 2”, 12” fiber washers, and 
small rubber washers are provided. Many 
different gear trains can be demonstrated. 

Appraisal: The science department can 
not afford to be without these devices. 
Once the mathematics teachers have tried 
them, themselves or with their pupils, 
they will be convinced that there is both 
fun and very good mathematics involved. 
In setting up and figuring out the gear 
trains one will meet the counting of gear 
teeth, the ratio of gear teeth, the ratio of 
number of revolutions, the distances be- 
tween centers, the need to adjust thick- 
nesses so that teeth will mesh, and other 
mathematical concepts. By all means have 
one of the large Deluxe sets for each school 
and enough Mek-N-Ettes, Jr., so that 
groups of students can work out problems 
on them. 


M.30—Curve Unit 


National Council of Teachers of Mathe- 
matics, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 

Construction Kit; 43”7"; $.75 each, 3 
for $1.50. 


Description: This envelope contains 
another unit developed by the National 
Council in cooperation with Science Serv- 
ice and was issued as #139 of the Things 
of Science series. The others previously re- 
viewed were the Geometric Models Kit 
(M. 7, Nov. 1949), the Straight Line Unit 
(M. 13, Nov. 1950), and the Computation 
Unit (Nov. 1951). The supply of the first 
three is completely exhausted. The present 
unit contains a sheet of waxed paper 
(8”X12"), 2 skeins of red and blue em- 
broidery thread (8 yards each), an em- 
broidery needle (a real puzzle to find where 
it is hidden!), 6 pieces of cardboard 
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(44” X64”) to serve as bases for curve 
stitching and a three-dimensional cylinder- 
hyperboloid-cone model, and a booklet of 
directions (5” X6”, 10 pages). 

The curves which are constructed by 
curve stitching, paper folding, string and 
paper construction, and cutting a string 
model of a cone are all conic sections 
(ellipse, parabola, and hyperbola). There 
are 22 “experiments” outlined to, obtain 
these curves in various ways. 

Appraisal: This is a clever and colorful 
kit. The method of obtaining the string 
model in three dimensions is especially in- 
genious. The models obtained are small, 
but sturdy, and should certainly serve 
merely as an inspiration to make larger, 
more colorful ones with even stronger ma- 
terials. It is unfortunate that a short 
bibliography could not have been included 
in the booklet to send people to other 
sources; they certainly will want to find 
them. The price is high, but fair. After the 
clear help of this kit, teachers and pupils 
can go on to make more models with odds 
and ends of materials at a much cheaper 
rate. 


SOURCES OF MATERIAL FOR 
LABORATORY WORK 


SL. 26—Investigations into Geometry 
Educational Enterprises, Wayne, N. J. 


Notebook and devices; 83”X11"; $2.00 
each, 4 or more copies, $1.80 each. (May 
be purchased separately.) 


Description: There are 57 pages with 44 
“investigations’’ printed on them to serve 
as the nucleus of a laboratory course in 
plane geometry. They cover the topics of 
angles, triangles, parallel lines, angles of 
polygons, parallelograms, circles, inequali- 
ties, angles and circles, similar triangles, 
products and proportions, right triangles, 
trigonometric functions, and area of poly- 
gons. The investigations are in the form 
of work sheets with spaces and tables to 
be filled in. The figures to fill in the tables, 
and thus develop inductive conclusions, 
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result from the measurement of five 
heavy cardboard models which are in- 


cluded in the notebook material: an angle 
device, two triangles, a parallel line de- 
vice, and a circle device. 

The angle, parallel line and circle de- 
vices are mounted on heavy cardboard 
which is punched to fit the notebook. The 
two triangles are in a punched envelope. 
The fasteners at the corners of the tri- 
angles may be taken apart so that any 
polygon up to a hexagon can be con- 
structed. The sides and angles in all the 
figures can be varied continuously to study 
the functional relationships between them. 
In fact the devices are similar to the 
Schacht models (M. 2, Dec. 1948; M. 6, 
May 1949) and the work sheets to the 
book of Plane Geometry Experiments pub- 
lished by Van Nostrand (Sl. 19, May 
1950). 

Appraisal: This is excellent material 
and should be given a fair try by every 
teacher. Every fact in the plane geometry 
course need not be developed inductively, 
but the method should have its place to 
show the plausibility of the conclusions 


THE MATHEMATICS TEACHER 


and the functional relationships between 
the geometric parts of the figures. All 
geometry is not metric, but the metric can 
be taught better than it is. The form of 
the “investigations” and the choice of 
‘ardboard devices are conducive to good 
teaching; they actually should lead the 
pupil to do some thinking for himself. 

The most obvious comparison which 
will constantly be made is between these 
cardboard devices and the Schacht de- 
vices. The conclusion is simple: the 
Schacht devices are more permanent and 
more expensive, these are more fragile and 
less expensive. There seems no way to 
determine which will be more economical 
in the long run without testing them both 
to destruction. The Schacht devices are 
more accurate, but these appeal for their 
simplicity. Why not get one set of Schacht 
devices and a lot of these for a whole 
school system and systematically circu- 
late them to all geometry teachers, finally 
taking a vote? There is so much of this 
worth-while material now being manu- 
factured that every teacher should give 
it an open-minded trial. 


Research 


(Continued from page 621) 


solid geometry, with two years of algebra 
and one year of plane geometry as a back- 
ground. The four tests were given to these 
students and to a control group, in the 
same schools, having the same mathemati- 
cal foundation. The tests were adminis- 
tered early in the term and five months 
later. 

When the “t” test gains of the two 
groups over the five months period 
were compared, the results indicated 
that two different populations were in- 
volved. Hence, matched groups were 
secured on the basis of school attended, 
sex, I.Q. and whether or not one term of 
mechanical drawing or none at all had 
been studied. Of course, as indicated 


above, both groups had the same mathe- 
matical preparation as far as names of 
courses were concerned. The findings were 
startling: no statistically significant differ- 
ences were found as a result of using the 
“Sign Test” and “Paired Replicates 
Test.”’ This conclusion was not changed 
even when the higher initial scores of the 
experimental group were taken into ac- 
count. 

Among Dr. Ranucci’s conclusions were 
these (page 56): “The claim of many that 
the study of solid geometry will improve 
space perception abilities, ..., has little 
statistical backing.” “If the improvement 
of space perception abilities, as evidenced 
by performance on the battery of tests ad- 
ministered, is deemed to be one of the im- 
portant outcomes of teaching solid ge- 
ometry, this aim is not being met.” 
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Welch Low-cost Student Slide-Rule 
No. 250 


AME 


with 10-inch A-B-CI-C-D and K Scales. Printed directly on white enameled wood. 
The aluminum frame indicator has a lucite window and fine reference line. With 


instructions. 
Each $0.35 


Welch slide-rule manual—a convenient elementary introductory 
manual on the use of the slide-rule—32 pages including 5 remov- 


able drill sheets on major operations of the slide-rule. No. 250A. 
Each $0.25 


Write for our mathematics catalog listing these and many other interesting items 
for the study of mathematics. 


W. M. Welch Scientific Company 
DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
Established 1880 


1515 Sedgwick St., Dept. X Chicago 10, Ill., U.S.A. 
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VIS-X GEOMETRIC SOLIDS 
Brightly colored whole and dissectible wooden solids presenting a complete visual 
development of the volumes of prisms, parallelopipeds, and pyramids to parallel that Sa 
generally followed in presenting areas. 
Set of twelve solids, each about 4-in.long 


THE VIS-X CO., 1049 So. Flower St., Los Angeles 15, California 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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A NATIONAL SERVICE 


ALBERT 
TEACHERS 


AGENCY 
and COLLEGE 
BUREAU 


Original Albert 
Since 1885 


Efficient, reliable 
and personalized 
service for teachers 
and schools. Under 
direct Albert man- 
agement for three 
generations. 


Member NATA 


25 E. JACKSON BLVD., CHICAGO 4, ILL. 


MATHEMATICAL 
PREPARATION 
FOR COLLEGE 


Reprint of an article in the May 1952 is- 
sue of the MATHEMATICS TEACHER. 
Addressed to high school students. Shows 
the mathematics needed in preparation 
for various vocations as revealed by re- 


cent studies, Order for the entire class. 


Price: With covers, 20¢ each; 10 or more, 
15¢ each. Without covers, 15¢ each; 


10 or more, 10¢ each. 


Send order with remittance to: 


NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


for High Schools 


CHARLES H. BUTLER 


Western Michigan College of Education 


Here is a book that stresses understanding. All concepts are carefully developed so 
that students understand what arithmetic and its processes are all about. The re- 
building and maintenance of arithmetic skills are assured by numerous and varied 
teaching devices, carefully worked out illustrative examples, exercises, problems, 
and testing materials. 


D. C. Heath and Company 


Sales Offices: NEW YORK CHICAGO SAN FRANCISCO 
ATLANTA DALLAS Home Office: BOSTON 


Please mention the MATHEMATICS TEACHER when answering advertisements 


\ 
¥ 
| 
| 
1. 
j 
: 


—@ Watch this ad each month to make Arithmetic fun @ 


THE ARITHMETIC CLINIC 


America’s First Arithmetic Clinic—Est. 1948 


ARITHO 


Another great arithmetic teaching and learning aid ¢ Absolutely 
guaranteed to transform boring drill into enthusiasm for basic 
number facts @ Played like bingo and is really fun ¢ Children 
learn and don’t realize it ¢ It’s a strong motivator for other 
activities ¢ P.T.A.’s play it to solve money problems. 

Used in District of Columbia, Philadelphia, Portland, New 
York schools et.al. Reviewed in The Math. Teacher May 1951. 


$1.50 each, 10% discount on dozen or more 
4502 STANFORD ST. CHEVY CHASE, MD. 


This handy reference file holds 160 issues of 
your Mathematics Teacher. It is made of at- 
tractive plywood and is easily assembled. 814” 
wide, 34” long. Will be sent unassembled in 
natural finish for $4.95 postpaid to all points 
in U. S. and Canada. 


Send check or money order to: 


James F. Ulrich 
3442 Mackinaw Street, Saginaw, Michigan 


19th Yearbook 


of the 
National Council of Teachers of Mathematics 


SURVEYING INSTRUMENTS 


‘Their History and Classroom Use 
A New Approach to the History and Teaching of Mathematics 
¢ Considers problems of teaching geometry and trigonometry today from 
a modern viewpoint. 
e Encourages the interest of students because each problem is staged within 
a surveying or historic background. 
e Includes practical exercises which the teacher may use in the classroom 
and the field, accompanied by diagrams and references. 
e Enables the teacher to carry out most effectively a program of simple 
surveying. 
Generously illustrated. 
Invaluable for teachers and all interested in mathematics 


Indispensable for libraries because it gives a history of surveying instruments 
not available elsewhere 


Price $3.00, Postpaid 
Send order, with remittance, to: 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing the length 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = 5. 


Examine “T-shaped” line groupings in the film with microscope, and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group are 
not distinctly separated. Reduction ratio is 5, and 7.9 x 5 = 39.5 lines per millimeter recorded satisfacto- 
rily. 10.0 x § = $0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 

Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, 
processing, and other factors. These rarely utilize maximum resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 
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